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AnHoranus. PaccMaTpuBaeTcs 3ajaua NapauIeNbHOTO BBIYUCIEHHMS 3HAa4eHUs (QYHKIUU OT
MYJBTUMHOKECTBA 3HAYCHWH, 3alMCAHHBIX B BEPIIMHAX OPUEHTHUPOBAHHOTO CHUJILHO-CBA3HOIO
rpada. BepluncieHre BBIIONHSAETCA AaBTOMATaMH, HAaXOJIAIIMMUCS B BeplIMHax Trpada u
0OMEHMBAIOIIUXCS MEXKIY COOON COOOIICHUIMH, NTepeJaBaeMbIMH 0 Jyram rpada (B HalpaBIeHUN
ux opueHrauuu). Ilpenmonaraercs, 4YTo EMKOCTH IyrM, TO €CTh YHCIO OJHOBPEMEHHO
nepeaaBaeMbIX MO HEW COOOLIEHM, orpaHWyeHa. BpluuciieHMe HHULHMUPYETCS COOOIEHUEM,
NPUXOJSIIUM M3BHE B aBTOMAT BbIAEICHHOM HayaJlbHOW BepIIMHBEI rpada. DTOT ke aBTOMaT B
KOHIIE paboThl MOCHUIACT BOBHE BBIYUCIECHHOE 3HadeHHWE (yHKIMU. [ pemieHus 3ToW 3anadu
npeuaratoTces Apa anroputma. [lepBblil alrOpUT™M BBINOJHAET UCCeloBaHUE rpada, OCHOBaHHOE
Ha ero obxoxe. Ero menp — pasmeruts rpad ¢ NOMOIIBIO W3MEHEHHsI COCTOSHHI aBTOMAaToB B
BepirHax. CTposTcst mpsiMoit 1 0OpaTHBIN 0cTOBHI Tpada. [IpsMoii 0OCTOB OpUEHTHPOBAH OT KOPHS,
KOTOPBIM SIBJISIETCS HadajbHas BepiinHa rpada. OOpaTHBII OCTOB OPUEHTHPOBAH K TOMY K€
KopHI0. KpoMe TOro, B KaxJOoW BEpIIMHE YCTAHABIMBACTCS 3HAYCHHE CUETYMKA BXONAIIUX IYT
oOpatHOro ocroBa. Takasi pa3MeTKa MCHOJIb3YETCS BTOPBIM alTOPUTMOM, KOTOPBII M MPOU3BOAUT
BBIUUCIICHHE 3HA4YE€HUs TOH MM WMHOW (YHKUMU. OTO BBIYMCIEHUE OCHOBAHO Ha alrOpUTMeE
NyJbCallMU: CHAadaja OT aBTOMaTa Ha4yaJbHOW BEPILIMHBI MO BceMy TIpady pacnpoCTpaHSIOTCS
000U eHUA-60NPOCHL, KOTOPbIE NOJDKHBI JOCTUTHYTh Ka)KJOW BEpUIMHBI, a 3aTeM OT KaXJOoH
BEPLIMHBI «B OOpaTHYIO CTOPOHY» K HayallbHOW BEpIIMHE [BUTAIOTCS COOOWEHUA-OMEEMbl.
ANropuT™M MyNbCalM, IO CYTH, BBIUUCIAET arperaTHble (YHKIMH, A KOTOPBIX 3HAYCHHE
GyHKIMU OT OOBEOUHEHUS MYJIBTUMHOXXECTB BBIUMCIAETCS MO 3HAUYEHUSM (YHKIMH OT 3THX
MyJIbTHMHOXKeCTB. OIHAKO MOKa3aHo, 4to Jrobast hyHkius f(X) mMeer arperaTHoe pacuiupeHue, TO
ecth MOXkeT ObiTh Boiumciiena kak h(f (X)), rae f° arperatHas ¢yHkiws. 3ameTum, 4To pa3merka
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rpada He 3aBHCHT OT TOW (YHKIIHH, KOTOpas OyAeT BBIYMCIATHCA. DTO O3HAYAET, YTO pa3MeTKa
rpada BBIMONHSIETCS OJUH pa3, MOCIE Yero MOKeT MHOTOKPATHO UCTOIb30BATHCS ISl BEIYMCICHHUS
pa3IUUYHbIX (PYHKITHI.

1. BBenenune

HccnenoBanne OpueHTUPOBAHHBIX TpadoB SBISETCS KOPHEBOW 3a/1adeii BO MHOTHX MPHIIOKEHHUSX.
JloctaTouHO yKa3aTh HCCIEIOBaHUWE ceTed cBs3u, B TOM umcie cetu uHTepHera u GRID, u
TECTUPOBAHUE MPOTPAMMHBIX W amNlapaTHBIX CHUCTEM, MOJEIUPYEMBIX TpadamMu IMepexoIoB.
UccnenoBanue rpada, Kak mpaBuio, OazupyeTcs Ha ero o0XoJe, a 3TO yXKe cTrapas KilacCHuecKas
3amaya 00xoja jabupuHTa. DTa 3a7ada HETPUBHAIIbHA, €Cii Tpad OPUEHTHUPOBAH, TO €CTh B
TaOUPUHTE «YIUIIBI C OJJHOCTOPOHHUM JIBIIKEHUEM.

O06x0/1 OPUEHTHPOBAHHOTO CHJILHO-CBSI3HOTO Tpada TpeOyeT BpeMEHHU MopsAaKka NM, rae N — Yucio
BepmH rpada, a M — uucimo xayr. Takoe Bpemss 00X0oma OCTHTaeTcsi MHOTHMH XOpOILIO
U3BECTHBIMH aJTOPUTMAaMU: 00XOJA B TIyOHMHY, 0OXOJ B LIMPUHY, «OKaTHBIN» QJITOPUTM M Jp.

[1,2,3].

B 1966 r. M.O. Pabun nocTtaBui 3aa4y 00X0/ia OpUEHTUPOBAHHOTO Irpada KOHCUHBIM aBTOMATOM
[4]. ABromaT Ha rpade aHanoruueH marmHe ThIOPHHTA: SYEHKE JICHTHI COOTBETCTBYET BEpIIMHA
rpada, a JBMKEHHE BJIEBO WJIM BIPABO IO JIGHTE 3aMEHSETCS IEepPeXOoAO0M IO OJHOW W3 MAYT,
BBIXOJISIIMX M3 TeKylled BepmnHbl rpada. Ha ceromusmnuii 1eHp Hanbonee ObICTPBIN alropuT™M
npenoxet B [5], on umeer ouerky nm-+n2loglogn. TIpu OBTOPHOM 06X0/1€, KOI/[a aBTOMAT MOJKET
UCIIOJIb30BaTh TIOMETKH, OCTABJICHHBIE UM JK€ IOCJE MEpPBOro 00X0/a, OLEHKAa YMEHBIIACTCA 0
nm+n?l(n), rae I(N) — w4mcno TOrapUMUPOBAHMIA, HPH KOTOPOM HOCTUIAETCS COOTHOLICHHE
1<log(log...(n)...)<2 [6]. OTauune OT HIKHEH OICHKH NM OOBACHICTCS TEM, YTO aBTOMATy ObIBACT
HY>KHO «BEPHYTBHCS» B HAYAJIO TOJIBKO YTO MPOUIEHHOM TyTH.

3a mociieAHUe TOIBI pa3Mep PEaIbHO UCTIONB3YEMBIX CUCTEM M CETeH W, CIIeZ0BaTeNbHO, pa3Mep
UcclieqyeMbIX TpadoB HempepblBHO pacTér. [IpoOneMbl BO3ZHHMKAIOT TOT/AA, KOTAAa HMCCIEAOBAaHUE
rpada OJJHUM aBTOMATOM (KOMITBIOTEPOM) OO TPeOyeT HEAOMYCTUMO OOJIBIIOTO BPEMEHH, MO0
rpad He MoMeInaeTcs B MaMATH OJHOTO KOMIbIOTepa, Tu00 U To, u apyroe. [loaTromy BO3HHKaeT
3ajaya TMapajuIeIbHOTO W pachpeleN€HHOro uccienoBanus rpadoB. DTa 3amada (hopMalu3yercs
KaK 3aj1aua ucclieIoBaHus rpada KOIEeKTUBOM aBTOMATOB.

B [7] u [8] mpemioxkeHbl alropuT™Mbl pabOThI TAaKOTO KOJUICKTHBA aBTOMAaTOB. [Ipu 3TOM
IPENOoNaraeTcs, YT0 aBTOMAThl HE MOTYT HUYEro IUCATh B BEPUIMHBI rpada WM YUTaTh U3 HUX, HO
MOTYT OOMEHHBATHCS MEKAY COO0I COOOIIEHUSIMH C MTOMOIIIBIO CETH CBS3H, OPTOTOHANBHOMN rpady,
a Tak)Ke reHepupoBaTh HOBbIE aBTOMaThl. Haunyumas nonydenHas ouenka m+nD, rae D — nuamerp
rpada, T.e. JJIMHA MAaKCUMAJIBHOTO ITyTH (MapupyTa 6e3 camornepecedeHnii) B rpage.

B nanHoii paboTe MBI paccMaTpHBaeM KJIACCHYECKYIO 3a/lauy MCCleoBaHus rpada aBTomMaramu,
oOMeH MHpopManuell MeXJy KOTOPbIMU NPOUCXOAMUT TOJIKO 4Yepe3 MaMsATh BeplIuH rpada. IT1o
HKBUBAJICHTHO HCCIIEOBAHUIO Tpada C MOMOIIbI0 COOOUICHUH, KOTOPHIMU OOMEHUBAIOTCS MEXKIY
coOOl aBTOMAThl, HEMOJBW)KHO «CUASAIIME» B BepliMHax rpada, a ayru rpada urparT poJib
KaHAJIOB Tepefiayl COOOIIeHUH. ABTOMAT, HAaXOISAIIMICA B BEPILMHE, MMOCHUIAET COOOIIEHUE IO
OJHOW M3 [Iyr, BBIXOJAINMX M3 3TOM BEpUIMHBI, U Yepe3 KaKoe-TO BpeMs TaKoe COOOIICHHE
NPUHUMAETCS aBTOMAaTOM B KOHIIE Ayru. OIeHKa BpeMeHHU paldOoThl ajJropuTMa 3aBUCHT OT YHCIIA
COOOLIEHNH, KOTOpble MOTYT OJHOBPEMEHHO IepelaBaTbcs Mo jayre. Takoe uucio Mbl Oynem
Ha3bIBaTh EMKOCHbIO Oyeu N 0003Ha4aTh K.
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Kak anroputmsl uccienoBanus rpada, Tak 1 OIIEHKa BpeMEHHU UX pabOThl, CYIIECTBEHHO 3aBHCAT OT
TOTO, UMCIOT JIM aBTOMAaThl B BepIIMHAX rpada Kakyro-To WH(popMmaiuo o rpade, Wi KakIblid
aBTOMAT HaXOJUTCS B HAYaJIbHOM COCTOSIHMM M «HUYEro He 3HaeT» o rpade. B manHoii paboTte Mbl
npejyiaraeM JiBa ainroputma. [lepBbiii anropuT™ BBIIOIHIET EPBUYHBIN 00X0/1a Tpada ¢ TOMOIIBI0
MEepCChbUIACMbIX COOGHIGHHﬁ, Korga B Ha4vaJbHBEIA MOMEHT BPCMCHH BCC aBTOMATBI HAXOIATCA B
HavaIbHOM cocTosiHMU. [lociie 3aBeprieHust 00X0/1a aBTOMAThl OKa3bIBAIOTCS B TAKMX KOHEYHBIX
COCTOSIHUSIX, KOTOPBIE MO3BOJIAIOT BBHIMONHATH MapajiebHOE BhIYUCICHHE TpeOyeMol (PyHKIMH ¢
MOMOIIIEI0 BTOporo aiaroputma. OO0xom rpada BeImoOJHSETCS 3a Bpemss mopsaka N/k+D, a
BbIUHUCIICHHE (DYHKIIMH — 3a Bpems ropsiaka D.

Bropoii anroput™m — 310 aneopumm nyibcayuu, OCHOBAaHHBIA HA TOM, YTO CHayajla OT aBTOMAaTa

BbIJIEJICHHOW HauyalbHOM BEpPUIMHBI 1O BCEMY Trpady pacmpoCTpaHSIOTCS CO0OWeHUA-80NPOCHI,

KOTOPBIE JOJKHBI JOCTUTHYTH Ka)JIOW BEPIIMHBI. A 3aTeM OT KaXKII0W BEpPIIMHBI «B OOPATHYIO

CTOPOHY» K HayaJbHOM BEpIIMHE JABHUTaloTCA coobuenus-omeemosl. C TOMOUIBIO aJroOpUTMa

MyJbCAIIUU MOXKHO MAPAJUIEIBHO BBIYUCIATH JIIOOYI0 (PYHKIMIO OT MYJIbTHUMHOXKECTBA 3HAYCHHIA,

3alMCaHHBIX B MAMSTH aBTOMATOB IO BCeM BepinHaM rpada (Mbl OyZeM TOBOPUTH «3alMCaHHBIX B

BEPILIMHAX»). BOT MUIIIb HECKOIBKO MPUMEPOB TAKUX (PYHKLIUH:

1. MakcumyM gmcen, 3amMcaHHbIX B BepInHax rpada.

2. B Oomee obmieM BuJE BMECTO MAaKCMMyMa MOKHO HCIIOJNB30BAaTh JTHOOYH0 KOMMYTATUBHYIO U
ACCOLIMAaTUBHYIO OIEpalfio Ha/l YUCIaMU: MUHUMYM, CIIOKEHUE, TPOU3BEICHUE U T.1.

3. YacTHble Cily4au: YMCIIO BEPIIUH B rpade, ecliu B KKI0W BEpIINHE 3aucaTh «1», ¥ 4uciIo ayT

B rpade, eciii B Ka)KJ0i BepIINHE 3aMMCaTh YUCIO BBIXOASIIUX JIYT.

JIN3BIOHKIMS TIOTHYECKUX 3HAYEHUI, 3aMCaHHbIX B BEpILMHAX rpada.

B Gounee oOmiemM BUE BMECTO TU3BIOHKIIMM MOXHO HCIIOJIB30BATh JIO0YI0 KOMMYTAaTUBHYIO U

ACCOLIMAaTUBHYIO OMEpaIrio HaJl TOTHYECKUMH 3HAYCHHUSIMH: KOHBIOHKIINIO, SKBUBAJICHTHOCTD U

T.J.

6. B emé Oosiee 0o0ImeM BHIE BMECTO YMCEN WM JIOTHYECKMX 3HAYECHUI MOYKHO HCIIOIB30BaTh
T00BIe 3HAYCHHUS U TIOObIe KOMMYTAaTUBHBIC U ACCOIIMATUBHEIC ONEPAIUY Ha/l HUMHU.

7. Cpennee apudmernyeckoe, cpellHee Te€OMETPUUYECKOe WM CpeaHee KBaIpaTUYHOE OT YHUCell,
3aMMCaHHbBIX B BEpPIIMHAX rpada.

o ks

2. Onuncanue ajaropuTMa 00xoaa

Tam, rie 3T0 He NPUBEIET K KOJUIU3UAM, MBI Ul KPAaTKOCTU Oy/eM TOBOPUTH «BEPIIMHAY», UMES B
BUJy «aBTOMAT BEPIIUHBI» WM «I1aMATh aBTOMara BepIIuHbB». [lockinas cooOrieHune, aBTomaT B
BEpIIMHE [OJKEH YKa3blBaTh YTy, BBIXOJAILIYI0 U3 BEpUIMHBI, MO KOTOPOH cOOOIIeHHE
noceutaeTcsi. Mbl OyieM CUMTaTh, YTO AYTH, BRIXOMASIIUE U3 BEPIIUHBI, IEPCHYMEPOBAHbI, HAUWHAS
¢ 1, u aBTOMAT yKa3bpIBa€T HOMEP AYTH.

[Tycte B rpade 4YMCIO Oyr paBHO M, YKCIO BEPIIMH PaBHO N, JJIMHA MaKCHUMAIbHOTO IMyTH
(Maprpyta 6e3 camonepecedenuii) papaa D, 4nciio 1yr, BRIXOAAIINX M3 BEPIINHBI, HE MPEBHIMIAET
So, @ YKMCJIO JIyT, BXOMAIIMX B BEPIIMHY, HE MpeBbimiaeT S;. O4yeBuaHO, M<NSg. MBI mpesaracm
alnropuTM 00x0/1a rpada co CIeayIOIMNUMH XapaKTePUCTUKaAMHU:

namsTh aBToMaTa Bepmuabsl O(nNDIlogsy),

pa3mep coobmienus O(Dlogsy),

émkocth ayru K,

BpeMs pabotsl anropurma O(n/k + D).
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3ameuanue 2.1: O4eBHIHO, YTO MOCHUIKA MO Ayre oAHOBpeMeHHO K <K coolmeHuit pasmMepom Z
OWT SKBHBAJICHTHA MOCBLIKE O Iyr'e OAHOrO COOOIICHHS pa3mepoM K Z OUT, uir, B 00IIeM ciiydae,
noceuike Ki cooOmienuit pasmepom Koz, rme kiko=k. Tem cambIM, OlleHKa BpeMEHHU pPaOOThI
ITOPUTMa IIPHU pa3Mepe COOOIICHHS Z OUT U EMKOCTH AyrH K COOOIICHMI COBIMAMACT C OICHKOM
BpPEMEHHU PabOTHl AITOPUTMA IIPH pasmepe cooduieHus Kiz our u émxoctu nyru K; cooOiieHuid, rae
kiko=k. TlosTOMy Ham ajropuT™M IOCIE TPUBHAIBHOM MOAM(PHUKAIIMA HMEET CICAYIOIINE
XapaKTEPUCTHKH:

e mamsaTh aBToMata Bepiuubl O(NDlogsy),

e paszmep coobmenust O(k,Dlogsy),

e EMKOCTb AyrH Ki,

e Bpems padotsl anmropurma O(n/kik; + D).

Jl51s olleHKH BpeMeHU paboThl airOpuTMa MbI OyJieM MpeArnosaraTs, YT0 BpeMEHEM CpabdaThIBaAHUS
aBTOMAaTa B BEPIIMHE MOXHO MPEHEeOpeub, a BpeMs Mepenadyr COOOIICHHS MO JIyre OrpaHuYeHO
cBepxy | TakTom.

OpaHM COOOIIEHUS TIOCHUTAIOTCS M3 BEPIIMHBI CPa3y IO BCEM BBIXOJSIIAM JIyTaM, IPYrHUe — TOJIbKO
110 4aCTHU BBIXOOAIINUX Ayr, a TpeTbI/I — TOJIBKO IIO OI[HOﬁ BBIXOI[HH_Ieﬁ z[yre. TGM HE MCHCC, OJIA
MPOCTOTHI MBI OyJIeM CYHMTaTh, YTO COOOIICHHE OXKHIACT B BEPIIMHE OCBOOOXKICHHS Cpa3y BCeX
BBIXOSIUX Ayr. Takum oOpa3om, Ajisi aBToMaTa BEPIIMHBI HE HYXKEH CUTHA 00 OCBOOOXICHHUU
JAHHOW BBIXOJSINCH JAYTH, a JOCTaTOYHO OOIIEro CHUTHaja 00 OCBOOOXKICHHM BCEX BBIXOISIINX
nyr. Takke Oynem cuumTaTh, 4TO aBTOMAT B OOILIEM Cllydae IMOCBUIAET IO AYre cpa3y HECKOJIbKO
cooOmieHnit, HO He Oosee K — EMKOCTH TyTH.

B mporuecce paboTel anroputMa CTpOSITCSl OCTOBHI rpada: npsamot ocmog, OpUEeHTUPOBAHHBIA OT
KOPHS, U 00pamHwlil 0cmog, OpPUSHTUPOBAHHBIN K KOPHIO. J{yrH, BEIXOASAIINE U3 BEPILUHBL: npsmble
Odyeu — JIyTH TPSIMOTO OCTOBA, XOpObl — OCTAIbHBIE BBIXOMSIINE AYTH, 0OpamHuas Oyea — Iyra
o0paTHOro ocToBa (MOXKET OBITH Kak MPsAMOW Iyroil, Tak W Xopuoi). IIpsmoti nyms — NyTh U3
OpsIMBIX YT OT KopHS. Oopammusili nyms — TyTh U3 OOpaTHBIX AYr 10 KOpHS. Bexmopom
mapwipyma OyneM HasbIBaTh CIIMCOK HOMEpOB Iyr Mapuipyra B rpade. B amropurme Oymyr
HCIIOJIb30BAThCSl TOJBKO BEKTOpa MyTel AnuHbl He Oosniee D M KOHTYpoB (LIMKIOB, B KOTOPBIX
BEpILMHA HE BCTPEYACTCS MBAXK/bI) JUTMHBI He Oonee D+1. Bexmop eéepuiutbl — 3T0 BEKTOP MPSIMOTO
MyTu 10 3TON BepinHbl. KopeHb nMmeeT mycTod BeKTop €. Pa3Mmep BekTopa MyTH WJIM KOHTypa

O(Dlogsp). Pasmep cooOrenuss B ommcbiBaeMoM Hibke anroputme paBeH O(1) BekTopoB, T.e.
O(Dlogso) 6wur.

Hame onmcanue anroputmMa Mbel pa3oObéM Ha yeTbipe yacTd. [lepBas dacTh CTpoUT OOpaTHBIH
OCTOB, BTOpas 4acTb — 3TO «CTOIOP», ONPEIEIAIOUIMI KOHEL IOCTPOEHHs OOpaTHOrO OCTOBA,
TPEThsl YaCTh IIPEIHA3HAYCHA I PA3METKU JYT, BBIXOIALIUX U3 BEPIIMHBI, HA IIPSMBIE U XOPJBI,
4yeTBEPTAas YacTh YCTAHABIMBAET B BEPIIMHAX CUETUMKHU BXOASIIUX 0OpaTHBIX Ayr. Takas pa3merka
rpada (4epe3 namMsaTh aBTOMATOB BEPIINH) UCIIONb3YETCs B JabHEHIIIEM aJrOPUTMOM ITYJIbCAIUH.

2.1. IlepBasi yacTh ajropurmMa

Ucnonb3ytorcs detvipe THHa coodmenus: Cmapm, Ilouck kopusa, Ilpamoe u Oobpamnoe.
Coo01enne MoXeT ObITh JINOO CO37]aHO B BEpIIMHE, MO0 MPUATH B BEPLIMHY MO BXOISAIIEH AyTe.
B 00oux ciayyasx Ml OyzeM AJis KpaTKOCTH TOBOPUTH «BEPIIMHA MOIYYaeT COOOIICHHEY.

Coob6menne Cmapm co3naéTcs KOpHEM B Hadaje padoThl (MPU TOJYYCHHH W3BHE COOOIICHHS
Cmapm, KOTOpOE MHHLIUUPYET padoTy ajaropuTMa) U HarpaBisieTcsi BceM BepmuHaMm. Ero nens —

4
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COOOIUTh KaXJI0i BepuInHE €€ BEKTOpP UM WHUIMUPOBATH PacchUIKy cooluieHuil Ilouck kophsa.
Kaxxnas BepmmHa (HaunMHas ¢ KOPHS), OJIy4uB cooOienre Cmapm TIepBBIi pa3, pacchlIaeT ero mo
BCEM BBIXOJSIIUM JIyraM, a MOBTOpHbIe coobmienus Cmapm urHopupyeT. CooO1IeHne COAEepKUT
8eKMOp Mapuipyma, KOTOpPbIi OHO mpoxoauT. BepmwmHa (B TOM uwMcle, KOPEHb), MOChLIAs
COOOIIIEHHE TI0 BBIXOASIICH JAyre ¢ HOMEPOM i, 100aBIIseT | B KOHEN sekmopa mapupyma. [onydas
cooO0IIeHre epBBIi pa3, BEPIINHA 3aIOMUHACT geKmop mapuipyma (0O4EBUIHO, ITO OyIeT MyTh) U3
COOO0ILIEHNUs KaK CBOU 8eKmop 8epuiuHbl; BEKTOP KOPHS IYCTOH.

Coo6menne Iouck kopusa co3MaéTcsi BEPIIMHOM, KOT/Ia OHA IMOJy4YaeT IMEPBBIH pa3 COOOIICHHE
Cmapm. DOty BepmnHy OyneM Ha3wpBaTh uHuyuamopom cooduenus Ilouck kopua. llens
coobmenusi Tlouck kopua — NPOUTH HEKOTOPBIA MyTh OT MHHUIIMATOpPA IO KOPHS U COOOIIMUTH
KOpHIO BeKTop »dToro mnytd. KopeHb B oTBeT mnocbuiaer cooOuienue IIpamoe, xotopoe
npenHazHaueHo uHUIHaropy. O6a 3T cooOLIeHUs coAepkKaT KaK MMapaMeTp 8eKmop UHUYUAmMopa.
B kaxxaoit BepuIMHE XPAaHUTCA CHUCOK 8EKMOPO8 UHUYUAmMOpos U3 Tex cooduennii Ilouck kopns
unu Ilpamoe, KOTOpbIE MOSIBISIIMCH B 3TOW BepuiMHe. BHavaiie cnucok myctod. Kak Toibko
BEpILIMHA TMEPBBIA pa3 monydaeT cooOrnenune Ilouck kopua wiu Ilpamoe ¢ TaHHBIM G8eKMOpOM
uHuyuamopa, oHa noMeniaer ero B cnucok. COOCTBEHHBIN 8ekmop epuitiHbl MOKHO XPaHUTh Kak
NEepBbI AJIEMEHT CIHCKA; 3TOT OJJIEMEHT OyAeT IyCThbIM, €CIU BepIiMHA emé He HUMeeT
CcOOCTBEHHOTO BEKTOpa, T.€. HE ToJIy4asia cooluieHus Cmapm.

CoobOmenne Ilouck Kopua pacchlUIaeTCsi «BEEPOM» TaKUM O0pa3oM, YTOOBI OHO MPOILIO IO
KaXJI0i Jyre poBHO OJIuH pa3. s 3Toro eexmop unuyuamopa B COOOUICHUH CPAaBHUBACTCS C
BEKTOPAMHU U3 CHUCKA 8eKkmopos unuyuamopos. Ecian cooOlieHune mnepBoe, OHO pacchlUIaeTcs 1Mo
BCEM BBIXOJAIIUM JIyTaM, a 6eKMOp UHUYUAMOpa W3 COOOIIEHUs N00aBISIETCA B CHUCOK 8eKMOPO8
unuyuamopos. I1oBTOopHbBIe coo0IIeHust urHopupyrotcs. Kpome eexmopa unuyuamopa, coodienue
Houck Kopua CONEPKUT 8eKMOp mMapuipyma, KOTOpbIA OHO mpoxoauT. Korna kopeHb nepBbii pa3
nonyvaer coobmenue Iouck Kkopna ¢ TaHHBIM 8eKMOPOM UHUYUAmopda, OH CO31aéT cooOILIeHHe
Ilpamoe c TeMU Ke 8eKmMopomM UHULUAMOPA N 86eKMOPOM Mapuipyma. 3aMETUM, YTO 31€Ch 8eKmMop
uHUYUamopa — 3TO BEKTOP MPSMOro IMyTH OT KOPHS 10 MHULUATOPA, a GeKMOp Mapuipyma — 3T0
BEKTOP HEKOTOPOTO MYTH OT UHUIATOPA IO KOPHSI.

CoobOmenne Ilpamoe co3maércs KOPHEM, KOTJa OH TIEPBBIM pa3 TOJy4aeT COOOIICHHE
Ilouck kopua ¢ NaHHBIM Gekmopom uHuyuamopa. OHO HaIpaBseTCs MO MPSMOMY IYTH /0
uHumaropa. Ero uenp — coo0muTh HHULMATOPY 6ekmop nymu OT MHUIMaTopa 1o KopHsa. Korna
BEpIINHA MOJIyyaeT coodiieHue Ilpamoe ¢ JaHHBIM 6eKMOPOM UHUYUAMOpPA X, OHA CPABHUBAET €T0
C cOOCTBEHHBIM gexmopom eepuiunsl Y. Tlockonbky coobuienue Ilpamoe NBUXETCS MO MPSIMOMY
NyTH 0 MHHLOUATopa, Y<X. Ecmu y<X, To Ui HEKOTOpOro HOMEepa Iyrd | UMeeT MecTo Y-I<X, u
coo0IneHre 0e3 U3MEHEeHHs MOChUTACTCs MO BhIXOAsANIeH ayre i. Eciau y=X, T.e. BepiinHa sBIsIETCS
WHUIIMATOPOM JIJIsi STOTO COOOIIEHHUs, TO BEpIIMHA CO3MaéT coolliieHue OQopamHoe, KOTOpOE
COJIEP)KUT TOT K€ 8eKmop nymu OT UHMIMATOpa 10 KopHsS. [loBTOpHM, YTO KaK TOJIbKO BEpIIMHA
HepBbIii pa3 nosyyaet cooOiienue IIpamoe ¢ NaHHBIM 6eKMOPOM UHUYUAMOPA, OHA TIOMEIIAET €ro
B CIHCOK Ul TOro, 4ToObl mocienytomue cooOmenus Ilouck kopua ¢ TeM X€ WHUIUATOPOM
UTHOPHUPOBAIINUCE.

Coobmenne Oopamnoe co3naércs BEPUIMHOMN, KOTJa OHA MOJIyYaeT aJpecoBaHHOE el cooliieHne
Ilpamoe. Ero 1ienb — pa3sMeTHTh OOpATHBINM IMyTh OT ATOW BEPIIMHBI JO KOPHSI, 3aJaBacMbIi
sexkmopom nymu u3 coobmenus Ilpamoe. Korna BepmuHa (He KOpeHb) Moixydaer (Co3maéT wiu
NPUHUMAET MO BXOAMAIICH ayre) cooOuieHue Oopamuoe ¢ eexmopom nymu BuUia i-X, ayra c
HOMEpOM | OTMeYaeTcsi Kak oOpaTHasi, U MO Hell mockuIaeTes coolbieHne Ofpammuoe ¢ 6eKmopom
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nymu X. KopeHb urnopupyet coobiuerne Qopamuoe (KOTOpOEe, OUEBHIHO, TPUXOIUT B KOPEHD C
MYCTBIM 8EKMOPOM NYMU).

CooOmienust Oopamuoe «CyMMHUPYIOTCS» B BEPIIMHE B 0KUJIAHUU OCBOOOXKICHUS BBIXOJISIIINX JYT.
bosnee TouHO: ecnu B BepimHE eCTh cooOIieHne Oopammuoe, 0XXUIaI0Mee 0CBOOOKICHUS YT, TO

BHOBb ITIOCTYIMAOIINEC COOGH.[GHI/IH 9TOI'0 THUIlIAa UTHOPUPYROTCA.

YrBepxaenue 2.1: [lepBas uacTh anropuTMa CTPOUT OOPATHBIA OCTOB CHIIBHO CBA3HOTO rpada.

Jloka3arenbCcTBOo:
[To omucanuio aJropuT™Ma B KaXKJIOW BEPIIMHE, KpOME KOPHS, IMOSBISIETCS HE OoJjiee OIHOMN
oOparHoit myru. Kaxaelii pa3, Korja HEKOTOpas BBIXOSIIAs W3 BEPIIMHBI Ayra OOBSBISCTCS
00paTHOM, 10 HEel MOChUTAETCS COOOIIEHUE, KOTOPOE TapaHTUPOBAHHO JOXOJUT 10 KOPHS, OBITh
MOJKET, M0 JOPOTe «CYMMHPYSICh» C KIYIIUMU cooOiieHusiMu Qopamnoe. TlodTomy ecnu B
BEpILIMHE TOSABHJIACh OOpaTHas Ayra, TO MOSIBUTCS U NyTh HO OOpaTHBIM Jayram M3 3TOH
BEPILUHEI 10 KOPHSI.

Yucno Bcex Mmepechbutok COOOIIeHNH Mo ayraM KoHewHo. JleifictBurensHo, coobmenne Cmapm
0 KaXJIOW Iyre MpOXOAMT POBHO OJMH pa3, MO3TOMY YHCIO TMEPEChUIOK MO Ayram TaKHX
coobuienuit paBHo uuciy nyr m. Coobuienue Iouck Kopna ¢ JaHHBIM BEKTOPOM HMHHUIIMATOPA
MPOXOTUT IO Ka)JO0H Jyre TOKE€ POBHO OJUH pa3, a YMCJIO PA3IUYHBIX MHHUIIMATOPOB PaBHO
YHCITy BEPIIUH, OTIUYHBIX OT KOPHS, T.€. N-1, MOATOMY YKCIIO0 MEepPEeCchUIOK MO yraM COOOIIeHUN
Iouck kopua we tnpeBocxoaut (N-1)m. CooGOmenust Ilpamoe n Oopamnoe co3aOTCs IO
OIHOMY ISl KaKJOTO MHUIMATOpa, M KaXJ0€ Takoe COOOIICHHE MPOXOAUT MYTh JUIMHBI HE
6oee D, mo3sToMy CyMMapHOE YMCIIO MEPEChIIOK IO ayraM TaKMX cooOuieHui He Oonee 2(N-
1)D. Takum 00pa3om, o0Iiiee YUCII0 BCEX MEPECHIIIOK COOOIIEHUH MO JyraM KOHEYHO. A TOr/a,
MOCKOJIBKY MO Ka)KJOW JIyre cooOIIeHre MepechlIaeTcs 3a KOHEYHOe BpeMs (He Oosee Takra),
4yepe3 KoHEeYHoe BpeMs Ha rpade He OymeT cooOIeHn dTuX 4eThIpEéx TUMoB. [lokaxeMm, 4To B
3TOT MOMEHT BPEMEHH 0OpaTHBII OCTOB MOCTPOCH.

Jlist 3TOTO 1OCTaTOYHO TOKAa3aTh, YTO B KaX/I0H BepIIMHE, KPOME KOpHS, MOSBUIIACH 0OpaTHast
nyra. JlomycTum, 3TO HE Tak: HAWAETCA BEpIIMHA &, OTJIMYHAS OT KOpPHS, B KOTOPOMl HE
nosBuiachk oOparHas ayra. [TockonbKy rpad CHIBHO CBS3HBIHM, BEPIIMHA 8 JOCTH)KUMA U3 KOPHSL.
CnenoBarenbHO, BepuIMHa a mnodydana cooOmeHue Cmapm, TOClie 4Yero M3 BEpUIMHBI a
«BeepoM» paccbuianoch cooOuienne Ilouck kopua. Ilockonbky Tpad CHIBHO CBSA3HBIM, 3TO
cool1ieHne AOUAET 0 KOpHS, MOCJE Yero KOpeHb MONUUIET MO MPSIMOMY MYTH B BEPLIMHY a
coobuienue Ilpamoe. Korna 3to cooOmienne npuaET B BEpIIMHY 8, B HEHl MOSBUTCS oOpaTHas
Jyra, €ciay OHa He MOSBUTCSA paHblle. MBI MPUIUIM K MPOTUBOPEUHIO, CIEAOBATEIbHO, HAllle
JIOMyILIIeHHE ObUIO HE BEPHO.

YTBepKaeHUE AOKA3aHO.

2.2. Bropas yacth ajropurma

3amaya 3TOM YacTH — OMNPENCTHTh KOHEIl MOCTPOCHHsI oOpaTHOTO OcToBa. Mmes ocHOBaHa Ha
noJcuéTe B KOpHE yHucia Iyr rpada TakuM o0pa3oM, 4To JUTs KaXaoi ayru a—bD KOpeHb cHavalia
MoJy4aeT COOOINEHHEe OT Hayajia Ayrd a, B KOTOPOM Uit ayrd a—b mMeercs «+1», a 3aBemomMo
03K€ — COOOIEHNE OT KOHIa ayru b, B koTropom s ayru a—b umeercst «-1». Kpome Toro, 3to
nocjeaHee COOOIIeHHE OT KOHIA Iyrd D TpUXOAMT B KOPEHb 3aBEJOMO II03KE COOOIICHHS,
nocetaeMoro u3 b wm comepikamiero «+1» mas kaxmod ayrw, BeIXoasmied u3 b. Jlms sToro
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Monupuuupyercs coobuienue Ilouck Kkopua M UCHONB3YIOTCS J1BA JOMOJTHUTEIbHBIX COOOIECHUS:
QDunuw v Munyc.

I[Ipu co3manuu coobOmenus Ilouck kopua WHUNHATOP M00aBISET B COOOIIEHHE €I OJHUH
napaMmeTrp: uyucnio Oye, BBIXOIALIMX W3 HHHULIMATOpA. byneM roBOpUTH, YTO ISl KaXIOH AYTH,
BBIXOJSIIIIEH W3 MHULIMATOpa, B coodmenuu Iouck kopua nmeercs «+1». Kopenb Benér cuémuux
0y2, KOTOpbIM BHayajle YyCTAHABIMBAETCS PABHBIM YHCIY [IyI, BBIXOAAIMX U3 KopHs. I[lpu
nosyueHuu (He urHopupyemoro) cooOmieHus ITouck kopnsa KOpeHb TPUOABISIET wucio dye U3
COOOIIEHUS K 3TOMY CYEMUUK) OYe.

CoobOmenne @uuuwt co3naércs KOpHEM B Havayne paboThl (IpH MOJYYCHUH W3BHE COOOIICHHS
Cmapm) M TIOCBUIAaeTCA 1O BCEM JyraM, BBIXOAAUIMM U3 KopHs. JltoOast npyras BepimunHa (He
KOpeHb) co3maét cooOmenne @uuuw Tpu TONyYeHUH coolOmmenus Ilpamoe W TOCHUIAeT
coobuienne @unuwe MO BceM BeIxosammM ayram. Llens cooOmenuss @unuwt — UHULIMMPOBATH B
KOHIIE IyTH, TI0 KOTOPOI OHO MOChLIAETCs, Co3/1anne cooodueHuss Munyc.

Jlo Tex mop, moKa B BEPIIMHE, OTIIMYHON OT KOPHS, HET 0OpaTHOM JIyru, OHA BEAET CUEMUUK YUCIA
6X00AWUxX Oye KaK 4HCia MOJy4YeHHBIX €0 cooOumeHnii @unuw. I1pn nosBieHuu oOpaTHON AyTu
BEpIIMHA TOCHIJIAET MO0 OOpaTHOMY MyTH coobOuieHue MuHyc ¢ mapaMeTpoM 4Yucio Oye PaBHBIM
TEKYIIEeMY 3HAUEHUIO CUEMYUKA YUCAA 6X00Auux dye, €Clii oHO Oobine Hyls. bynem roBopuTh,
YTO I KaXIOW M3 ITHX Iyr B cooOmeHnn Munyc nmeetcs: «-1». Ilocne mosiBieHus! B BepIInHe
oOpaTHON NIyru Kaxkaoe MoyiydeHue cooOuieHuss DuHuw VHUIUAPYET TOCHUIKY M3 BEPUIMHBI 110
obpaTtHOMy TyTH cooOuieHuss Munyc ¢ apamMeTpoM uucio dye paBHbIM 1. Bynem roBopuTh, 4TO
It 9To ayru B coobmenun Munyc umeercs «-1». CooOmienne Munyc mnepenaérces 6e3
W3MEHEHHUs BEpIIMHAMH TI0 o0paTHOMY myTH A0 KopHs. Kopens, momyuuB coobuienue Munyc,
BBIYHMTACT U3 CBOETO Cuémyuxa oye mapaMeTp uucio oye u3 cooduieuss Munyc.

Coobmennst Munyc CyMMHUPYIOTCSI B BEpIITMHE B OKHJIaHUHM OCBOOOXAeHUs Ayr. Ecnu B BepimmHe
yke ectb coobuienne Munyc, 0Xunaronee 0CBOOOKICHHUS IyT, U MPUXOAUT HOBOE COOOIICHHE
Mumnyc, To coxpaHseTcs ogHO cooOmieHue MuHyc, B KOTOPOM TapaMeTp 4ucio dye paBeH CyMMe
COOTBETCTBYIOIIUX MAPAMETPOB 00OHX ITHX COOOIICHUH.

YrBepxnaenue 2.2: Uepe3 KOHEUHOE BpeMs cuémuyuxk Oye B KOpHE OOHyIUTCs. B 3TOT MOMEHT
BPEMEHH OOpaTHBII OCTOB YK€ MOCTPOCH.

Jloka3arenbcTBo:
PaccmotpuMm npousBosbHyt0 ayry ab. Eciu a kopeHb, ToO B caMOM Haualie cyémuuk 0ye B KOpHE
yBenuuutcss Ha 1 s ayru ab. 3arem xopeds monuiér coobinenue @uuumi, KOTOPoe dvepes
KOHEYHOE BpeMsl JOHAET 10 BepmuHbl . Ecnu BepiimHa & He KOpeHb, TO OHA MOJIYYHT MEPBOEC
coobmenue Cmapm 4depe3 KOHEYHOE BpeMs, Mocie dero cozgact coodumenue Iouck kopusa, B
KOTOpOM Jist ayru ab Oyzaer «+1y». Uepe3 KOHEYHOE BpeMsi 3TO COOOIICHUE AOHUAET 10 KOPHS, U
cuémuux dye B KOpHE YBEIUYUTCS Ha 1 ams ayru ab. 3atem oT KOpHsS 10 BEpIIUHBI & JOHAET
coobmienue IMpamoe. Tlocne sToro mo ayre ab Oyaer mocnaHo coobiieHue PuHumt, KOTOPOe
NIoUAET B BepuimHy b uepe3 koHeuHoe Bpems. Takxke 4yepe3 KOHEYHOE Bpems B BepinuHe D
nosBUTCSL oOpatHas ayra. CienoBaTesibHO, Yepe3 KOHEYHOE BpeMsi MPOH30UIYyT 00a cOOBITHS:
NOJydeHHe BepIInHOW D coobmienns @uuumw w nosBienue y Heé obOparHo# ayru. B asrtor
MOMEHT BPEMEHH M3 BepIIuHbI D Mo oOpaTHOil ayre Oyner mocinano cooduienne Munyc ¢ «-1»
s ngyru ab. Yepes koHewHOE BpeMsi 3TO COOOIIECHHE MOWIAET 10 KOPHS M KOPCHb M3 CBOETO
cuémuuxa oye BerateT 1 i gyru ab. Tem cambIM, Ui KaI0# Tyrd KOPEHb CHa4yajia OJHMH pa3
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npuOaBUT K CBOEMY CUETUMKY OyT 1, a moToM oMH pa3 BeuTeT 1. TeM caMbIM, uepe3 KOHEUHOe
BpeMsi, KOT/Ia 3TO MPOU3OUIET JIJIS BCEX AYT, Cuémyux dye B KOPHE OOHYIIUTCA.

[TokasxeMm, 4TO B MOMEHT BPEMEHH, KOT/Ia CUETUHMK AYr B KOpHE OOHYJsIeTCs, OOpaTHBI OCTOB
yke moctpoeH. OTHOCUTEIBbHO KaXKJIOM NIYr'M KOPE€Hb CHauajla OJUH pa3 MoyiydaeT «+1» B
coobuienun Iouck Kopha, OTIPABISIEMOM U3 Havaja AYTH, a IOTOM OJIMH pa3 Mojy4yaeT «-1» B
coobuiennn Munyc, oTIpaBiIsieMOM M3 KOHL@A Ayru. [loaToMy B MOMEHT OOHYJIEHMS cuémuuxa
O0y2 OTHOCUTEIBHO Ka)XIOW Iyrd KOpeHb JUO00 monydmn «+1» u «-1», nubo He Moixydmsn HU
«t1», HU «-1». JlomycTuM, yTBEpKIECHHE HE BEPHO: HAUAETCA BEpIIMHA, B KOTOPOH €IIE HE
nosiBuiachk ooparHas ayra. [lockonbky rpag CHIIBHO CBSI3HBIN, HAUAETCS MyTh OT KOPHS JI0 3TOU
BepIMHbL. OTHOCUTENIBHO TMOCIEAHEH JyrM JTOro IyTH KOpPeHb HE moiaydan «-1»,
clieioBaTelibHO, He monydan «+1». O0o3HaumMm uepe3 DC mepByro Iyry Ha 3TOM IIyTH,
OTHOCUTEIIBHO KOTOPOW KOPEHb HE Mojydal HU «+1», HU «-1». IlocKoIbKYy KOpEeHb cpaszy
N00aBIsIeT K CYETUMKY IyT «+1» Js KaKIoi BBIXOASIICH M3 KOPHS JyrH, BepiidHa b — He
xopeHsb. Toraa uepe3 ab 0603HauMM npepITyIIyI0 Ayry Ha NyTH. KOpeHb MOoy4riI n3 BepIIHHBI
b coobmenne Munyc ¢ «-1» orHocuTenbHO ayru ab. Ho Torma kopeHb 0 3TOr0 MOIYYMIT W3
BepinnHbEl b cooOmenne Ilouck kopusa ¢ «+1» oTHOCUTENBHO Iyrd DC, uro He BepHO. MEI
NPULUTH K TPOTUBOPEUHIO, CIEI0BATEIbHO, HaIlle JOMYIIeHHE HE BEpHO, U OOpaTHBIN OCTOB YK€
IIOCTPOCH.

VYT1BepxkaeHue 10Ka3aHo.

2.3. Tperbs yacTh ajIropuT™Ma

OTa 4acTh pa3MeydaeT B KaX10M BEPLUIMHE BBIXOJAIIME AYI'M Kak IpsMble AyTd U Xopabl. CHavana
BCE BBIXOJAIIME AYTH OyIeM CUUTATh XOpAaMu. 3aTeM Kaxnias ayra ab, mo koropoii mocsuiaercs
coobuienue Ilpamoe, oTMeyaeTcs Kak MpsiMas Ayra B BEpIIMHE a.

YrBepxaenue 2.3: Koraa B KopHe OOHYNUTCS cuémuuk Oye, BCE IyTH NMPABUIBHO pa3MeueHbl Kak
XOP/BI HIIH TIPSMBIE.

JloKa3aTenbeTBo:

[Mockonbky cooOuienue Ilpamoe HampaBisieTcss U3 KOPHS 110 TPSMOMY TYTH B KaKAYHO
BEPIINHY, BCE IPSAMBIC TyTH PAHO WM MO3IHO OyxyT oTMedeHbl. [lokaxkeM, 94TO 3TO MPOU30HAET
10 OOHyNeHUs cuémyuxka Oye B KOpHE. PaccMOTpMM TpOM3BONIBHYIO mpsimyro ayry ab.
[Tockonbky Tpad) CHIBHO CBsI3€H, MMeeTcs HekoTopas nyra bc. OOnyneHuwe cuémuuka Oye B
KOpHE MPOU30UAET TOJIBKO IOCIIE TOT0, KaK U3 BEPUIMHBI C OyIeT mociano coodmenne Munyc ¢
«1» ama ayru bc, u 310 coobmenne moaér mo kopusa. Ho Takoe cooOlneHne MochLIacTCs
TOJIBKO TIOCIIE TOTO, Kak 1o ayre bc Oymer mocmano cooOmenne @uuuwut, a 3T0 COOOIICHNE
IIOCBUTACTCS TOJBKO IIOCIE TOro, Kak BepiiuMHa D momyuut cooOmenne Ilpamoe, xotopoe
JIOJDKHO TPOUTH TI0 MPSIMO# Iyre ab u OTMETHUTH B BepIIUHE & Ayry ab Kak MpsMyro.

VYT1BepkaeHue 10Ka3aHo.

2.4. YerBéprasi yacThb aJIrOpuTMa

DTa 4acTh YCTAaHABIMBACT B BEPIIMHAX 3HAYCHHS CUEMYUKOB 6X00AWuUXx oopamuulx dye. BHadasne B
KOKIOW BEPIIMHE CUEMYUK BX00AWuUx oOpamuvlx Oye paBeH Hymo. J[00aBUM 1Ba HOBBIX
coobmenus Hauano noocuéma n Koney noocuéma. Coobmenue Hauano noocuéma HauuHaeT
pacchuIaThCsl U3 KOPHSI MO TPSMBIM JyraM Ioclie OOHYJIeHHsS cuémuuxa oye B KopHe. Kaxmas
BEpIIIMHA, KpOME KOpHS, MOJIyduB coobmenne Hauano noocuéma, Bo-iepBhIX, pPacChUIacT MO BCEM
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BBIXOASAIINM TIPSIMBIM JyraM Takoe ke cooOmenue Hauano nodcuéma, a, BO-BTOPBIX, CO3/AET
coobuienne Koney noocuéma v NoChIIaeT €ro 1o oOpaTHOI Jyre.

Coobmienne Koney noocuéma conepXxuT NpU3HAK nepsas obpamuas Oyea. Korjga BeprinHa
co3naér coobmienne Kowneu noocuéma, ona cHabxaer ero 3TUM mpuzHakoMm. Korma BepmmHa
NPUHUMAET TI0 BXOJsIIeH ayre coobOmenue Kowey nodcuéma c TIPU3HAKOM nepeas obpamuas
Oyea, oHa mpubaBisieT 1 K CBOEMY cuémuuky 6xo0awux oopamuvix O0ye, W, €CIM 3TO HE KOPCHBD,
noceltaer coodmenue Kowney noocuéma nanpiie mo oOpaTHOM ayre yxe 0e3 3TOro IpHU3HAKA.
Korga BepmmHa mpuHMMaeT 1O BXOAsAIIeH ayre cooOmenue Kouey noocuéma 6e3 mpu3HaKa
nepsas obpamuas Oyea, OHa MPOCTO TepecbuiaeT coodiieHue Koney noocuéma 06e3 W3MEHEHUS
JajbIle mo oOpaTHOM ayre.

Coobmennst Koney noocuéma CyMMUPYIOTCSI B BEpIIMHAX B OKUJIAHWW OTIPABKU IO OOpaTHOM
ayre. Jns aToro coobuieHre cHabXaeTcsi mapaMeTpoM YuUcio cymmupyemvix cooowenuii. Korna B
BEpILMHE OKUAAET OTIPABKU MO oOpaTHOH nyre cooluienne Koney noocuéma v npuxoquT HOBOE
coobuienne Koney noocuéma, nx napaMeTpsl YUCIO CYMMUPYEMbIX COOOUjeHUl CKIIAIBIBAIOTCS U C
STUM YHCIIOM COXpaHseTcsi ogHO coobmenue Koumey noocuéma; npvu OCBOOOXKIECHUHM OOpaTHOM
JOyTH 10 Hell mockuiaercs cooOuienne Kowney noocuéma ¢ HaKOIUIGHHBIM YUCAOM CYMMUPYEMbIX
coodwenul.

Korna cuémuux Oye B KopHE OOHYJSETCS, B KOPHE HMMEETCS CHUCOK BEKMOpPO8 UHUYUAMOPOS,
KOTOPBIA COJIEP/KUT BEKTOpA BCEX BEPILIMH, KpoMe KOpHs. KOopeHb moicUUThIBAaET JUIMHY CIIMCKA U
3aMUChIBaeT €€ B cuémuyux HekopHesvix eepuiun. KopeHb, nonyuas coobuienue Koney noocuéma,
BBIUMTAET MapaMeTp YUCIO CYMMUPYEeMbIX COOoOujenuli U3 cuémyuxa HekopHesvix eepuiun. Korna
ATOT CYETYMK CTAHOBHUTCS PaBHBIM HYJIIO, pab0Ta 3TOM YacTH U BCETO AITOPUTMA 3aKOHUCHBI.

YrBepxaenue 2.4 : Korja B KopHE OOHYIUTCS CYEMUUK HEKOPHEBLIX 8ePUiUH, BO BCEX BEpIIMHAX
OyIlyT MpaBWIbHBIC 3HAYCHUSI CYEMUUKOB BXO0AUWUX 0OPAMHBIX OYe.

Jloka3arenbcTBo:

Coobmenne Hauano nodcuéma, nocslIaeMoe 10 MPSIMBIM AyTraM, JOWAET 10 KaKJOW BEPIINHBI
omuH pa3. Kaxnas BepmmHa monuwiéT oauH pa3 coobmieHue Koumey noocuéma ¢ NpU3HAKOM
nepeas obpamuas oyza. TeM caMbIM, MO KaXI0W 0OpaTHOM nyre MNpOMIET POBHO OJHO
coobmenue Koney noocuéma c mpu3HAKOM nepsas obpamuas oyea. IlodToMy B Kaxmou
BepLIMHE OyJET YCTAaHOBJICHO MPABUIBHOE 3HAUCHUE CYEMYUKA BXOOAUWUX 0OPAMHBIX Oye TIOCIIEe
TOrO, KaK 10 BCeM OOpaTHBIM Jyram OyAeT mojydeHo cooOmieHue Kouey noocuéma c
NPU3HAKOM nepeds obpamuas oyaa.

Taxxe ISl KaXKI0W 00paTHOM Oyru 10 KOpHS AOUAET cooOmienue Koney noocuéma c «1» nns
9TON JYIH B TapaMeTpe YUCIO CYyMMUpyemvix coobwenuii. Yucmo Takux «1» paBHO YHUCITY
00paTHBIX JAYT, YTO PAaBHO YMCIIy HEKOPHEBBIX BepIIuH. [loaTOMY KOTna cuémuux HekopHesbix
éepuiuH CTAaHET PaBHBIM HYIIIO, Ha Ayrax rpada He octaHercs coobuenuit Hauano noocuéma v
Koney noocuéma, a 31a4eHus cuémuukos 6xo0auux oopamHuix dy2 BO BCEX BEpIIMHAX OymyT
MPaBUJIbHBIE.

VYT1BepkaeHue 10Ka3aHo.

Wrak, mocne 3aBeprieHUs: pabOThl aaropuTMa OyAyT MOCTPOSHBI MPSIMOW W OOpPATHBIM OCTOBBI
rpada: B KaKA0H BeplInHe Oy1yT OTMEUEHBI MPsIMbIE AYTH U (€CIIU 3TO HE KOPEHb) OJJHa OOpaTHas
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nyra. Kpome Ttoro, B kakmoil BepmiHe OyJIeT YCTaHOBJICHO 3HAYCHHWE CUYETYMKA BXOMASAIINX
00paTHBIX JYT.

3.

OuneHka maMATH ¥ BpeMeHHu padoThl aJiropuTMa 00xoaa

3.1. Ouenka pa3Mepa NaMsTH AaBTOMATa BePUIHHBI

[TamsTh aBTOMaTa HEKOPHEBOM BEPILIUHBI CONCPHKUT:

1 OuT — mpU3HAK TOTO, 4TO coobmieHrne Cmapm KAET OCBOOOKICHUS BHIXOASIINUX AYT;
JUTSL KaXKJIOTO WHUIIMATOPA B CHUCKE 8eKMOPO8 UHUYUAMOPOE8 XPAHUTCSI
0 1 BekTop — 6exmop unuyuamopa,
O 1 6ut — npusHak Toro, 4ro coobuenue Iouck KopHsa XIET 0CBOOOKICHUS BBIXOISIINX
zyT;
0 | 6ut — npu3HaK TOroO, 4to coodieHue Ipamoe X ET 0CBOOOXKICHUS BBIXOIAIINX YT
O | BekTOp — mapamerp uucio dye Kuymero cooOmieHus: Ilouck KopHa WM mapaMeTp
gekmop obpamnoeo nymu Kuymero cooOuienus Ilpamoe; 3aMeTHM, YTO Ui TaHHOTO
WHHUIIMATOPA JKAYIIUM MOXET TOJIBKO OJHO u3 coodmenuii IHouck kopusa v Ilpamoe, a
YUCJIO IYT — 3TO BEKTOP JJIUHBI 1;
1 BEKTOp — mapameTp gekmop oopamuo2o nymu XIymero coodieHus Oopammoe;
1 6ut — mpu3HaK x)aymero cooOenus Punuuu;
logs; 6ut — mapamerp yucio dye xayiero coobuienus Munyc;
1 6ut — nmpusHaK xaymero cooduenuss Hauano noocuéma,
logn Our — mapamerp uucio cymmupyemvix  CcooOweHutl  KIYHIET0  COOOIICHUS
Koney noocuéma, paBeH HyJIO, €CIIM HET XKIYIIETO COOOIICHUS;
logs: 6ut — cuémuux éxoosuux oopamueix oye.

Hroro pazmep naMsaTu aBTOMaTa HEKOPHEBOU BEPIIUHBIL:

1 6um + n(l eexkmop + 1 6um + 1 6um + 1 eéexmop) + 1 sexmop + 1 6um + 109s; 6um + 1 6um +
logn 6um + logs; 6um

= (2n+1) sexmopos + (2n + logn + 2logs; + 3) 6um

< (2n+1) sexmopos + (2n + logn + 2logm + 3) 6um

< (2n+1) sexkmopos + (2n + logn + 2lognsy + 3) 6um

= (2n+1)O(Dlogso) + 2n + logn + 2lognsy + 3, uto pasuo O(nDlogsy) mist D>0.

[TamsTh aBTOMAaTa KOPHS CONEPIKUT:

JUISL KaXKJI0TO UHUIIATOPA B CHUCKE 8EKIMOPO8 UHUYUAMOPOSE;
O | BEKTOp — 8ekmop uHuyuamopa;
0 | 6ut — npu3HaK TOrO, 4To coodieHue Ipamoe X aET 0CBOOOXKICHUS BBIXOIAIINX YT
O 1 BeKTOp — mapameTp gexmop oopamuoeo nymu Kaymero coodmenus Ilpamoe;

1 OuT — mpu3HaK Kayniero coodmenus PuHu;

1 6ut — nmpusHaK xaymero coodmenuss Hauano noocuéma,

logm 6ur — cuémuux oye;

logn 6ut — cuémuux nHexopHesvlx 6epuiUH.

Hrtoro pasMep naMsTH aBTOMATa KOPHSL:

n(l eexmop + 1 6um + 1 eexkmop) + 1 6um + 1 6um + logm 6um + logn 6um
= 2n eexmopos + (n + logm + logn + 2) 6um

< 2n sexmopos + (n + lognsy + logn + 2) 6um

= 2n0O(Dlogso) + n + lognsy + logn + 2, uto pasro O(nDlogsy) mist D>0.
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Wrak, namsate aBToMata jmo00# Bepiuutsl paaa O(NDlogsy) mis D>0.

3.2.  Ouenka BpeMeHM padoThl ajJiropuT™Ma 00xoaa

MBbI Beerjia MOXKeM CUUTATh, YTO COOOIICHHUS MOCHUIAIOTCS M3 BEPIIMHBI B IOPSIKE YMEHBIICHHS UX
npuoputetoB: 1) Cmapm, 2) Ilouck kopus, 3) Ilpamoe, 4) Oopamnoe, 5) @unuwm, 6) Munyc, 7)
Hauano noocuéma, 8) Koney noocuéma.

Hwxe ™Mbl MOKakeM YTBEp)KIEHHE O TOM, 4YTO 1) €ciu HeT APYruX COOOIICHHH, Kpome
Ilouck KopHsa, TO KaXI0€ TaKOE COOOIIIEHUE TOCTUTAET KOpHs 3a Bpems He Oonee T(n,K,D), 2) eciu
HET Apyrux cooOmeHuii, kpome Ilpamoe, TO KaXI0€ TaKOE COOOIIECHHUE TOCTUTACT CBOCH IIENH 3a
Bpems He Oonee T(n,k,D). 3mecy MbI npeacTaBuM pabOTy alropuTMa Kak MOCIIEAOBATEIBHOCTh 8
3TaroB M0 8 MPUOPUTETAM COOOIIEHUI 1 OLIEHUM BpeMsi pabOThI KaXI0T0 3Tara.

1)

2)

3)

4)

5)

Coobmenne Cmapm ¥ak camMoe NMPHOPUTETHOE MOXET OXXHIATh B BEPIIMHE OCBOOOXKICHUS
BBIXOSIIUX AyT He O6onee 1 takra. Emé He 6onee 1 Takra cooOIeHre MOXKET TiepeaBaThCs Mo
nyre. [Tockonpky 1o Kaxaoi mayre coodmenue Cmapm mocblIaeTcss poBHO 1 pa3, cooOreHus
Cmapm TOCTUTHYT BCeX BEPIIUH 3a Bpems He Ooiee 2D.

PaccmotpuMm aBmkeHue coobuieHuit Ilouck kopua mocie Toro, Kak Bce cooOuienus Cmapm
JOCTUTHYT Bcex BepiuH. [lockonbky coobmenuit Cmapm yxe HET, a OCTaIbHBIE COOOIICHUS
MeHee TPUOPUTETHBI, YeM coobuieHne Ilouck KopHa, Kaxaoe TaKoe COOOIIEHUE OXKHUIACT B
BEpILKHE OCBOOOXKICHUS BBIXOJAIINX AYT, 3aHITHIX COOOIICHUSIMH JIPYTHX THIOB, He Oonee 1
takta. Tem cambiM, omenka T(n,k,D) yBenuumBaeTcs He OoJyiee, 4eM BJIBOE, TO €CTh BCE
coobmienus Iouck kopus TOCTUTHYT KOPHS 3a Bpemst He 6oitee 2T(n,K,D).

Paccmotpum nBrkenue cooOuienuii IIpamoe nocne Toro, kKak Bce coodmenust Ilouck kophs
JOCTUTHYT BcexX BepunH. [lockoabpKy 0oiee MPUOPUTETHBIX COOOIICHUN YK€ HET, a OCTaJIbHBIC
COOOIIICHUSI MEHEE IPHUOPUTETHBI, 4eM coobmenue Ilpamoe, Kaxaoe Takoe COOOIICHHE
O0KHNJACT B BCPIIMHC OCBOGO)K,Z[GHI/I}I BBIXOAIINX AYT, 3aHATBIX COOGH_IGHI/ISIMI/I APyrux THUIIOB,
He O6osee 1 takra. Tem cambim, omnenka T(n,k,D) yBenmnunBaercst He Gojiee, 4eM BIBOE, TO €CTh
Bce coobOinenus Ilpsamoe NOCTUTHYT CBOMX Iienieit 3a Bpemst He Oosiee 2T(n,k,D).

PaccmoTrpuMm nBmxkeHue cooOuieHuit Oépammuoe 1ocne TOro, kak Bce cooOueHust Ilpamoe
JOCTUTHYT BCEX BEPIIMH. DTH COOOINEHUS JBIXKYTCS TIO OOpPAaTHBIM JyraM W CyMMHPYIOTCS B
BEPILIMHAX B OXHJIAHUHM OCBOOOXKICHUS BBHIXOIAIUX Ayr. Kaxmoe Takoe cooOIIeHue mpoxoanuT
nyTh anuHoN He Oonee D. Ilockombky Oojiee TPUOPUTETHBIX COOOIIEHUN YK€ HET, TaKoe
CyMMHpYyIOIIee coobieHue OQopamuoe 0XUAACT B BEPIIMHE OCBOOOKICHUS BBIXOMISIIUX YT

He Oosee 1 Takta. Tem cambiM, Bce cooOrmeHuss Qépamuoe TOCTUTHYT KOPHS 3a BpeMs HE
6onee 2D.

PaccmoTpum aBmkeHue cooOmieHnid @uHumi 1OCHE TOro, Kak Bce cooOuieHus OQopammoe
JIOCTUTHYT KOpHs. C 3TOro MOMEHTa BPEMEHHU BO BCEX BEPIIIMHAX, KPOME KOPHsI, €CTh 00paTHbBIE
nyru. CooOmiennss @unum BYKYTCS IO JyraMm, MPOXOJs MO KaXIoW myre poBHO 1 pas.
Kaxnoe Ttakoe coolmeHue MOpoxoauT myTh UIMHOM He Oosee D. Ilockonbky ©Ooinee
MIPUOPUTETHBIX COOOIIEHNUH YK€ HeT, a OOpaTHbIe IYyrd €CTh Be3Je, KaKIO0E COOOIICHHE
Q@unuw oxuaaet B BepunHe He 6onee 1 takra. Tem cambiM, Bce cooduienust @ununs TpoiIyT
10 BCEM Jyram 3a BpeMs He Oosee 2D.
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6) PaccmoTrpum aBrkeHHE cooOrnenuit Munyc mocie Toro, Kak Bce cooOmeHuss @unuw npouyT
[0 BCEM JAyraM. OTH COOOIIEHUS JABHXKYTCS MO OOpaTHBIM AyraMm 10 KOPHS, CYMMHUPYSCHh B
Kaxoi BepmmHe. Kaxknoe Takoe cooOIIeHne IpoXoauT MyTh JUIMHOW He Oonee D, oxumas B

BepunHe He O6onee | Takta. Tem cambim, Bce cooOmmeHuss Munyc NOWIYyT 10 KOPHS 3a BpeMs He
6onee 2D.

Wrtak, cuémuux dye B KOpHe 00HYyIUTCS Yepe3 Bpems He Oonee 2D + 2T(n,k,D) + 2T(n,k,D) + 2D +
2D + 2D = 4T(n,k,D) + 8D. Ilocie 3TOro mpouCXOoAUT YCTAHOBKA CUEMUUKOS BXOOAUUX OOPAMHBIX
oye.

7) CooGmenust Hauano noocuéma mOCHIIAIOTCS 10 MPSAMBIM JIyraM A0 KaKIOHW BEPIIHHBL
[ToaToMy Kakaoe Takoe COOOIIeHHEe MPOXOAUT MyTh anuHoi He Oonee D. Ilockonbky Gomnee
MIPUOPUTETHBIX COOOIIEHUH YyKe HeT, Kaxkaoe cooOmieHue Hauano noocuéma oxumaer B
BEPIIMHE OCBOOOXKIIEHUsSI BBIXOIAIIMX Ayr He Oonee 1 Takta. Tem cambiM, BCE COOOIICHUS
Hauano noocuéma 3axkoHdat cBOE ABMKEHUE 3a BpeMs He Ooiee 2D.

8) Paccmorpum nBmKeHHE cooOmieHuit Konew noocuéma mocie TOro, Kak BCE COOOIICHHUS
Hauano noocuéma 3akoH4aT CBOE BHKEHHUE. DTU COOOILICHHS JABUKYTCS IO OOpaTHBIM JAyraM
JI0 KOpHS, CYMMHPYSICh B KaK7i0i BepimmHe. Kaxmpoe Takoe cooliieHrne mpoXoauT MyTh IJTHHON
He Oomee D, oxwumas B BepmmHe He Oonee | Takta. Tem caMblM, BCe COOOIICHHS
Koney noocuéma noiigyt no kopHs 3a Bpems He 6onee 2D.

WTak, BeCh alrOPUTM 3aKOHYHUT CBOIO paboty 3a Bpems He Oomee 4T(nk,D) + 8D +2D + 2D =
4T(n,k,D) + 12D.

3.3. ®@opmajbHasa MOJedb IBUKeHHs coodmenuii Ilouck kopusa v Ilpamoe

Bemnuuna T(n,k,D) — 95T0 orpanwucHWe CBepxy Ha BpeMs JBM)KEHHS BCEX COOOIICHHI
Iouck kopua B TIPEANONOKEHUH, YTO APYTUX COOOIICHHI HET, a TaK)Ke BPEMsS IBHKCHHS BCEX
cooOmieHuit Ilpsamoe B IpeNoNOKEHNN, YTO IPYTUX COOOIICHUN HET.

CHauana paccMOTpUM JIBUXKEHUE nocieoHe2o cooduienus Ilouck kopusa, T.e. cOOOUIECHNS, KOTOPOE
MOCTICAHAM TMPUXOAUT B KOPEHb. ITO COOOIICHHE MPOXOIUT MYTh OT BEPIIMHBI-HHHUIIMATOPA IO
kopHst mHo# d < D. Jlpyrue coobuienus Ilouck KopHs MOTYT IPUXOANUTH B BEPIIHMHBI 3TOTO MYTH
«cOOKy», T.e. MO BXOIAIIMM JyraMm, He MNpHUHAJUIekKAlIMM NyTH. B »TOM ciydyae Mbl Oynem
TOBOPHUTh, YTO COOOIICHUE podxcoaemcss B BepmuHe. [lOCKONBKY B BEpIIMHE ITOBTOPHEIC
COOOILlEHUsI C TE€M >K€ HMHHMIIMATOPOM HTHOPHUPYIOTCS, OyIAeM TOBOPUTh, YTO OHU YMuparom B
BEpIINHE.

Tenepb paccMOTpUM ABWXKEHHE nociedHezo cooOuienus Ilpamoe, T.e. cooOIIeHHS, KOTOpOE
MOCJICTHAM MPUXOJIUT OT KOPHsI K cBoeMy uHHUIMaTopy. Coobuienue IIpsamoe NBUXETCS OT KOPHS K
BepIIMHEe-UHUIMATOPY 1o npsmomy mytu jumHONH d < D. Ilockonbky cooOmienust Ilpamoe He
PAacCChUIAIOTCSl «BEEPOM» W JBUTAIOTCS TOJBKO MO MPSMBIM JAyraM, OHH, B OTJIUYHE OT COOOIIECHUH
Ilouck Kopusa, He TIPUXOIAT B BEPIUIUHBI NMyTH «COOKY» M B BEpIIMHAX HE OBIBAET MOBTOPHBIX
COOOIIEeHUH ¢ TeM ke WHUIHUATOpoM. OUEeBHUIIHO, STO YACTHBINA CIIy4ail IBYOXKCHHS COOOIICHHM
Ilouck kopus.

dopmanuzyeM onucaHue IBIKEeHUs cooommennii Ilouck Kophs.
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Nmeercs myrs mawabl d<D. Bepmmusl u ayru OyaeMm HaswslBaTh nosuyusmu. llepeHymepyeMm
MO3UIIMH CJICTYIONTUM 00pa30oM: HayaibHas BepIIWHA IMyTH noiydaetT Homep 0, Homep myru Ha 1
Ooutbiiie HOMepa e Havyasla, HoMep KOHIa Ayrd Ha 1 Gosbiie Homepa ayrd. TeM caMbIM, BEPIIHHBI
umeroT uétHeie HoMepa 0,2,...,2d, a ayru umeroT HeuéTHbIe HOMepa 1,...,2d-1. Ecau i<i’, To Oymem
TOBOPHTH, YTO MMO3MIIKS | HAXOUTCS Jleee TO3MIINH |, a IO3UIHS | HAXOTUTCS npasee MO3MINH i.
B mo3unmsx MOryT HaXOAMTHCS COOOIIEHHsS, KOTOphle B (hOpMallbHOW MoOmenu OyaeM Ha3bIBaTh
moukamiu.

Jis Touek BO3MOXKHBI ClieAyIoIIne coObITUs: 1) posKJeHHe TOUYKH B BEPIIMHE (IIPUXO] COOOLICHHS
«cOOKy»), 2) cMepTh TOYKH B BEpIIHWHE (COOOIIEHHWE WTHOPUPYETCS), 3) MEpPEeMEIICHHE TOUYKH C
Hayana Ayrd Ha Ayry (CooOIIeHHe MOoChUIaeTcs Mo ayre u3 e€ Hayana), 4) nmepeMerieHue TOUKH C
IyTH B KOHELl Iyru (cooOlieHne mpUHUMAeTCs ¢ OIyru B €€ KoHel). byneMm cuutarh, 4TO BCE 3TH
JIeMCTBUS IPOUCXOST MTHOBEHHO.

CoObITHEM nos6IeHus TOUKH B MO3UIMK Oy/leM Ha3bIBaTh COOBITHE POXKIEHUS 3TOW TOUYKU B STOU
MO3UIUH (€CJIM MO3UIUS BepUIMHA) WM COOBITHE MEpPEeMELIEHUs 3TON TOYKU B 3Ty MO3ULUIO U3
npeasiaymeid mo3unuu. COOTBETCTBEHHO, COOBITHEM UCYE3HOGeHUs TOUKU W3 TO3ULUHU OyneM
Ha3bIBaTh COOBITHE CMEPTU ITOM TOYKH B ATOHM MO3UIMH (€CJIM TO3UIUS BEPIIUHA) WIIA COOBITHE
MEPEMEILECHUS 3TOM TOYKH U3 ATOM MO3ULIMU B CICIYIOLIYIO MO3ULIUIO.

W3 onucanus anropuTMa CiIenyroT CleAyIoNre paBiia IBHKEHUS TOUCK:

1. Touka HaxXoaUTCS Ha Ayre HEe O0JIee OTHOTO TaKTa.

2. Touku mepeMemaTcs Ha Iyry TOTa, KOTa Ha Jyre He OCcTaéTcs TOUYeK, MPUUEM Ha IyTy cpasy
nepeMeIiaeTcss MUHUMYM M3 YHCIIa TOYEK B HavYase AyTH U «EMKOCTH» IyTH K.

3. Ecnmu Touka ymupaer B BEpIIMHE, TO 3TO NPOUCXOJUT B TOT CaMblii MOMEHT, KOTJa OHa
MOSIBIISIETCA B BEpIIUHE (POKIaeTCs WK MEPEMEIAETCsI ¢ BXOAAIIEH 1yTH).

4. Yucno ToYeK, yMEpIINX B BEPIIMHE, HE MPEBHIIIACT YKCIa TOUYEK, POXKAEHHBIX B BEPIIUHE (3TO
CJIeTyeT U3 TOTO, YTO YMHUPAIOIIasi TOYKa — 3TO MOBTOPHOE COOOIICHHE C TEM K€ HHUIIMATOPOM).

5. B nauanpno# Bepimae 0 Ha TakTe 0 ecTh TOUKa, KOTOpas He yMpET. bynem HazbiBaTh e€ Hauwsell
TOYKOMH (3TO TOCIIeTHEE COOOIICHHE).

6. OOmee YnCIIo TOUYEK, MOSBISIONIUXCS BO BCEX MO3HIIMIX, KOHEYHO (KOHEYHO YHCIIO COOOIIEHUH
Iouck Kopusa, 9T0 NOKa3aHO BBHIIIE B JOKA3aTSIbCTBE Y TBepxkaeHHS 2.1).

7. Uucno ToYeK, KOTOPhIC MOSIBJIAIOTCSA, HO HE YMHPAIOT B KOHEYHON mosuiuu 2d 10 MOMEHTa
MOSIBJICHUS B 3TOW MO3MIIMM Halleld TOYKU BKJIIOUMUTEIBHO, HE MpEBbIMAET N (Ha caMoM Jele,
BMECTE C HAIICH TOYKOW YMCIIO TAKUX TOYCK HE MPEBBINIACT YKMCIa HEKOPHEBBIX BepInH N-1).

Ecnu Touka HaxoauTcs B HEKOTOPOH BepUIMHE B HadaibHbI MOMeHT Bpemenu 0, To Oynem
CUNTaTh, YTO TOUYKA POKAAETCS B ITOM BepiunHe B MOMeHT BpemeHu 0. Ecnu Touka HaxoauTcs Ha
HEKOTOpPOH Jyre B HayasbHbI MOMEHT BpemeHu 0, To Oyaem cyMTaTh, YTO TOUKA POXKIACTCSA B
Hayase 3TOH Ayru B MOMEHT BpeMeHH O M MTHOBEHHO IepeMelaeTcs Ha MyCTYyI0 Ayry BMecTe C
HECKOJIbKMMH TOYKAMHU.

Bynem roBoputh, 4TO 3a1aHO nOBedeHUe MoUeK, €CIU A1 KaXKI0W TOYKU 3a/1aHbl MECTO (TIO3UITHS)
U BpeMs €€ POXKIICHUSI U CMEPTH, a TakXKe 3aJIepKKa ITOM TOYKH Ha KaKIOW Jyre TaKuM o0pa3oM,
YTO COOTIOAIOTCS YKa3aHHBIC BBIIIE TIPABUIIA IBHKEHUS TOUEK.

O6o3HaunM uepe3 Ujj 4rcino ToUeK, MOSBUBIIMXCS M HE yMEPIIUX B MO3UIMY | Ha TakTe I+].

O6o3naunm uepe3s T=T(n,k,D) momep TakTa, Ha KOTOpPOM Hallla TOYKA JAOCTHIacT KOHCUHOMU
no3unuu 2d.
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Jlemma 3.1: Ilycth 3amaHo TIOBEJCHHE TOYEK, YIOBJIETBOpsIOlee MpaBuiaamM 1-4 (MOXKET He
YIOBJICTBOPATH TpaBuiaM 5-7). [lycTh mpu 3TOM MOBEACHUM JJIS KaXIOro | Takoro, uro i+j <T,
nmeet MecTo Ugj =>Kj. Toraa amst kax a0 MO3HULUHK | ¥ KXIOTO | TaKOro, 4To i+] <T, UMeeT MecTo

Uij =kj.

Jloka3aTeanLCTBO:

Bynmem BecTH 10Ka3aTebCTBO HHAYKITUCH 110 | U j.
basza unpykiuu o i st ] <T: Ugj >Kj, 9T0 3aaHO ycI0BHEM JIEMMBL.
baza unaykiuu o j st i <T: Ujo 2k-0 = 0, uto oueBuaHO.
[lar ¥HIYKIKMKA: TYCTh YTBEPXKICHUE JEMMbI BEPHO Kak s | u j+1, Tak u s i+1 u |, roe
i<2d, te. Uj1=2k(+1l) u Usyj>k]. Hyxno npokaszars, uro ecim i+j+2 <T, To
yTBepKaeHne JieMMbl BepHO st i+l u j+1, T.e. Uisje1 2K(+1). Paccmorpum naBa
BO3MOXKHBIX CITydasi.

I Y€THO, T.C. TIO3ULIUA | SIBIACTCS TYTOM.

BBeném 0003HaueHUS:
A — YuCIIO TOYEK, MEPEMECTUBIINXCS C IYTH | B BepiiuHy i+1 1 He yMepimx Tam 3a
Bce TakThl oT 0 710 i+)+1;
A’ — 4KCII0 TOYEK, MEPEMECTUBINNXCS C IyrH | B BepimuHy i+1 U ymepimx tam 3a
Bce TakThl oT 0 10 i+)+1;
B — umncio Toyek, pokAEHHBIX B BepiiuHe i+1 1 He ymepiiux Tam 3a Bce TakThbl T 0
1o i+j+1;
B" — gncno Tovek, poskAEHHBIX B BepiinHe i+1 1 ymMepmx Tam 3a Bce TakThl oT 0 110
i+j+1;
A, — 9HCII0 TOYEK, IEPEMECTUBIIMXCS C AYTH | B BEepUIMHY I+1 U HE yMepIIuX TaM B
TEUYEHHUE OJHOTO TakKTa i+j+2;
A’ 4 — Y4UCIIO TOYEK, TIEPEMECTUBIINXCS C IyrH | B BepinuHy i+1 U ymepiunx tam B
TE€YEHHE OJHOI0 TakTa i+j+2;
B4 — umci0o ToYek, poXAEHHBIX B BepimuHe i+1 W HE yMeplIMX TaM B TEUYCHHUE
OJIHOTO TaKTa i+j+2;
B" 4 — uncio Tovek, poxaAEHHBIX B BepinuHe i+1 ¥ yMepIinx TaM B TEYCHUE OJTHOTO
TakTa i+j+2;
a — YMCIIO TOYEK Ha Jyre | B KOHIIE TakTa i+]+1, KoTopsle He yMpyT B BepiuuHe i+1;
a — 9KCJI0 TOYEK Ha ayre | B KOHIlE TakTa i+j+1, KoTopsie yMpyT B Bepiune i+1.
Y4uuTeIBas, 4TO MO MPAaBUITY 3 TOYKA YMUPAET B BEPIIMHE B MOMEHT IOSBIICHUS TaM WU
BoOOImE HE  yMHpaeT B  OTOM  BeplmIMHe, MO TmpaBwily 4  uUMeeM
A+A ,+B +B , <B+B,+B+B .
Orcroma A™+A" , <B+B,.
ITo onpenenenuto Ui+1j = A+B.
Touka, mosBAsIONIAsICS HA Ayre, HE YMUPAET HA JIyre U HaXOAUTCS JIMOO Ha Ayre, 0o
cpenr  Touyek (umciaoMm A+A’), mepeMeliaBIIMXCA B KOHEIN JayrH. IlosTomy:
Uij+1 = ata +A+A".
Touku, npuxosiue B BepukHy i+1 3a TaKT U HE YMHPAOIIKE B HEH, CaraloTcs w3
JBYX YacTeil: TOYKH (duciom A,), MEPEeMECTHBIIUECS C JAYTH | U HE yMeEpIIhe B
BepmuHe i+1, u Touku (unciom B,), poxaéunsie B Bepmune i+1 u He ymepinue B HEil.
[Mostomy Ui+ j+1 = Ujrrj+A4+B.
[To mpaBuny 1 3a 1 TakT ¢ Ayru i B BepmHy i+1 nepemMeniaroTcsi Bce TOUKU (YHCIOM
a+a’), HaxOoJMBIIKMECS HA yre B Hayalle TaKTa, HO MOXKET MEPEMECTUThCS U OOJIbIIe
Touek (uuciaom A +A ), ecitd WX 3aJ€pPKKH Ha JAyre JOCTATOYHO MaJlbl M Jyra 3a TakT
0CBOOOXKTaeTCsl HECKOJIBKO pa3. [Toatomy A, +A™ 4, >a+a’.
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Tornma
Uir1j+1 = UirgjtAs+B4 = A+B+A,+B,4 = A+A+B+B, 2 A+A+A+A 4 =
= A+A +A,+A , > A+A +a+a’ = Ujjg 2k(j+1).
Urak, Ui+ j+1 2 K(j+1), uTo 1 TpeGoBazock 10Ka3arh.
| Heu€THO, T.€. MO3MIKS | ABJISIETCS BEPIIUHOM.
O003Ha4YMM Yepe3 X — YMCII0 TOYCK, HAXOISIIUXCS B BEpIIUHE | B KOHIIE TakTa i+]+1.
Touku, KOTOpble NPUXOAWIM B BEPIIMHY | M HE yMepiad TaMm A0 Takra I+j+1
BKJIFOUHTEIBHO, JTHOO HAXOSATCSA B KOHIIE 3TOTO TaKTa B BEpIIMHE (MX YHCIIO PABHO X),
b0 mepeMenmanich Ha ayry i+1 U He ymMupajau TaM, MOCKOJbKY TOYKH Ha Jyre He
YMHUPAIOT.
[Mostomy: Ujj+1 = X+Uj+a.
Paccmotpum ciygaii X <k.
[To mpaBuny 1 3a omumu TakT ayra i+1 ocBoOOAMTCS XOTS OBl OJMH pa3 W,
HOCKOJIBKY X <K, 110 mpaBuily 2 BCe TOYKH, HAXOAUBINUECS B BEPIIUHE B Havaje
TaKTa, MEPEMECTATCS Ha JYry. 3aMETHM, YTO Ha Jyry MOXET MEPEeMECTHThCS
OO0JIbIIIe TOYEK, €CIM OHH MMOSBISIOTCSA B BEPIIMHE IO MEPBOrO OCBOOOMKICHHS
JIYTd WK TIOSBIIIOTCS IO3KE, HO B TEUEHHME TaKTa, a 3aJCpKKH Ha Jyre
JIOCTaTOYHO MAJIbI U IyTa 3a TAKT OCBOOOXKIACTCS HECKOJIBKO pas3.
[Toaromy Ui+1'j+1 2Ui+1'j + X = Ujj+1 >k(j+1).
Urak, Uj+1j+1 =K(j+1), 9To 1 TpeGoBaoCch JOKa3aTh.
PaccmoTpum ciydait X > K.
IMo mpaBumy 1 3a ogmH Takt ayra i+1 ocBoOoauTcst XoTs Obl OAWMH pa3 W,
MOCKOJIbKY X > K, TI0 mpaBuiy 2 Ha Ayry mepeMectsarcst K Touek. 3aMeTHM, 4To,
KaK U B TPEIbIAYIIEM Cllydae, Ha AYT'Y MOXET MEPEMECTHThCSA U OOJIbIIE TOYCK.
[Tostomy Ui j+1 = Uirgj + K 2Kj+k = K(+1).
Hrak, Uj+1j+1 = K(j+1), uTo u TpeGoBamoch 10Ka3arh.
[Tar nHaYKOUK TOKa3aH.
JlemMMa mokazana.

Yreepxknenue 3.1: Hama Touka mocturaer koneunout nozunmu 2d Ha takre T <n/k + 2d + 1.

Jloka3arenbcTBo:

[Ipex e Bcero, 3aMeTUM, YTO Hallla TOUKA JOCTUTAaeT KOHEUHOM mo3uiuu 20 3a KOHEYHOE BpEMSI.
JleiicTBUTENBHO, MOCKOJIbKY HAllla TOYKa HE YMHUpAeT MO MpaBWly S5, AJL 3TOr0 JOCTATOYHO,
4TOOBI HaIllla TOYKA HAXOAWJIACh B KAXIOW MO3HMIIMKA KOHEYHOE BpeMsl. 3a/iep)KKa Halleld TOYKU
Ha Ayre KoHe4yHa mo mpaBuiy | (e Oomee 1 Takra). KoHeUHOCTh 3a7epKKM HAIIeW TOYKH B
BEpIIMHE OMpeNesieTcss KOHEYHOCTHhIO 3a/IepKeK TOUeK Ha BHIXOAsIIEH ayre (mpaBwmio 1),
00513aTeILHOCTBIO TIEPEMEIICHHUSI TOYEK Ha MYy TpH OCBOOOXKACHWUU Oyrw (mpaBujio 2) u
KOHEYHOCTBIO YuciIa TOYeK (IIpaBuiio 6).

Touku, KOTOpbIE BCEra HaXOJATCs JIeBee HaleH TOYKU, OYEBUHO, HE BIMSIOT HA JIBUXKEHUE
HaIlled TOYKH, TOITOMY MX MOKHO UTHOPUPOBAThH: OyAE€M CUHTATh, YTO TaKUX TouyeKk HeT. Eciu
TOYKA POXKIAETCS JIEBEE HaIIEll TOYKU, HO «JIOTOHSIET)» HAIly TOYKY B HEKOTOPOW BEpIIMHE B
HEKOTOPBIA MOMEHT BPEMEHHU, TO 3TO HKBUBAJIECHTHO TOMY, YTO B 3TOT MOMEHT BPEMEHH 3Ta
TOYKa POKJIaeTCs B TOM BEpIIMHE. Y YUTHIBAs BBIIIECKAa3aHHOE, B JalbHeHIeM OyieM CUuTaTh,
YTO TOYKU HE POKIAIOTCS JieBee Hamied Touku. TeM Ooree, TOUKM HE POKIAOTCS JIeBee camoi
JIEBOM TOYKH B TEKYIIIEM PACIOJIOKEHUHU TOYEK.
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PaccMmoTpum pacwiupennoe noseneHue To4ek, KOTOpoe OTIMYAETCs TeM, uyTo B no3unuu O Ha
KaxaoM Takte U <T poxpgaercs JONOJHUTEIBHOE YHCIO TOYEK TaK, YTOOBI BBINOJIHSIOCH
ycioBue semmbl 3.1 Ug >kt muist t <T. Bynem cuutare, 4To KaXkaas U3 3TUX JONOJTHUTEIBHBIX
Touek 1) poxkmaercss B HavanbHOW mo3unuu 0 U He ymupaeT (HM B KaKOW BeplUIWHE), 2) UMEET
MaKCHMAaJIbHYIO 33J€PXKKY Ha Ayrax B 1 TakT, 3) nepeMenaeTcsi 13 BEPIIMHbBI Ha BBIXOAALLYIO U3
He€ YTy TOJIBKO MOCIE UCXOAHBIX (HE JONOJHUTENbHBIX) TOUEK.

Pacmmpennoe moBeneHne TOYEK yIOBIETBOPsET mpaBwiaM 1-6. IlosicHeHus TpeOyeT TOJIBKO
BBIMIOJITHEHUE IpaBWiIa 2 B CBSI3U C TEM, YTO JOMNOJIHMUTEIbHBIE TOUKHM IEPEMELIAIOTCS M3
BEPUIMHBl HAa BBIXOJAIIYI0 M3 HEE NOyry TOJBKO IIOCIE€ HMCXOAHBIX TOYEK. 371eCh HET
IIPOTUBOPEYUS, IIOCKOJIBKY HMCXOJHBIE TOYKH HE POXKIAIOTCS JIEBEE CaMOM JIEBOM HMCXOIAHOU
ToukHd. [IoATOMY B TOT MOMEHT BpPEMEHH, KOTJa COIJIaCHO MPABUIY 2 JOMOJHUTEIbHBIE TOUKH
JIOJDKHBI TIEPEMEIaThCsl U3 BEpIIMHBI HA BBIXOASAIIYIO YTy, B 9TOW BEpIIMHE JTHOO YKe HeT
UCXOJHBIX TOYEK, JTUOO WX YHUCJIO MEHbIe K M OHM MEPEeMEIIAIOTCS BMECTEe C HECKOJIbKUMH
NEPBBIMU JIONIOJHUTEIBHBIMM TOUKaMU. TeM camblM, B JajbHEHIIEM camas JeBas HMCXOJHas
TOYKA OKAa3bIBAECTCS MpPABEE JIAaHHOW BEPUIMHBI M, CIEAOBATENIBHO, B JTOM BEPILIMHE YKE HE
HOSIBSITCS. UICXO/AHBIE TOUKH.

[lo ompeneneHuio AONOIHUTENBHBIE TOYKM HE OOTOHSIOT HMCXOAHBIE TOYKH, IOITOMY
JOTIOJIHUTEIbHBIE TOYKM HE BIHAIOT HA JBIDKCHHME MCXONHBIX TO4YEK. TemM cambIM, B
pacuIMpeHHOM IMOBEJCHUH TOYEK Hallla TOYKa, MO-MPEKHEMY, TOCTHraeT KOHSYHO# no3uimu 2d
Ha TakTe | M 10 3TOr0 TaKTa BKIIOYMTEIBHO YHCIO UCXOIHBIX TOYEK, KOTOPbIE MOSBISUIUCH, HO
HE YMHpaJi B KOHEUHOW mo3unuu 2d, mo npaBuity 7 He TpeBblmaet N. Bmecrte ¢ Hamiel TOYKOH
B KOHECUHYI0O NO3MLHUI0 C BXOJMAIIEH JOyTM MOTLYT IIEPEMECTHTBCS TaKKE HECKOJIBKO
JONOJTHUTEIBHBIX TOYEK, HO UX 4HciIo He mpesbiuaet K-1. [Toaromy obmiee yncino Touek (Kak
UCXOJHBIX, TaK M JONOJHHUTEIbHBIX), KOTOpbIC MOSBIAINCH, HO HE YMUPAIM B KOHEUHOU
no3unuu 2d 1o takta T BRimtounTenbHo Uzgrog <N + K - 1.

[TockoNbKY pacHIMPEHHOE MOBEACHUE TOYEK YAOBICTBOPSET yciaoBusAM jeMMbl 3.1, mos T >2d
umeeM Uyq 1.29 = K(T-2d).

Canenoarenbho, K(T-2d) <n + k - 1.

Otcioga T <n/k+1-1/k+2d <n/k+2d+1.

Ecmm ke T < 2d, To TeM 6oitee T <n/k+2d+1.

VYT1BepxkaeHue 10Ka3aHo.

Urak, T(n,k,D) <n/k + 2d + 1. Tem cambiM, BpeMst paboThl anropurMa He npeBocxoaut 4T(n,k,D)
+ 12D = 4n/k + 8D + 4 + 12D = 4n/k + 20D + 4 = O(n/k+D). B Gomnee obmieM cirydae, Bpemst
pasHo O(n/kiky + D), rae ki émkocts ayru, a Ko pasmep cooO1eH s B BEKTOpax.

4, ArperatHbie yHKUUHU M arperaTHble pacuivpeHust pyHKIMI

AJITOPUTM TyJIbCAllMH, IO CYTH, BBIYHCISACT arperarHble (YHKIWH, U1 KOTOPBIX 3HAYCHHEC
GYHKIMA OT OOBEAMHCHUS MYJIBTUMHOXKECTB BBIUUCISCTCS MO 3HAYCHUSM (QYHKIMHA OT ITHX
MYJIbTHMHOKECTB. B 3TOM pasjene Mol gaauM (HopMaabHOE ONpeeIeHre arperaTHoil (hyHKIUH,
JOK&KEM KPUTCPUH arperaTHOCTH M IMOKakeM, 4To Jrobas ¢ynkmus f(X) mmeer arperatHoe
pacumpeHue, To eCTh MOXKeT ObITh BbluuciieHa kak h(g(X)), rme g arperatnHas ¢ynkuus. Takke
MOKaXeM, YTO CYIIECTBYeT U CIMHCTBCHHOC MHHHUMAIbHOE arperaTHOe pacIIupeHue,
BBIYHCIIAIONIEE MHHUMYM HH()OpPMAIUHK, 1O KOTOPOW €Ie MOKHO BOCCTAHOBUTH (YHKIHIO f.
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Teopust arperatHpIX (yHKIWIA, W3TaraemMas B 9TOM pasfeie, sBISETCs MoauduKanueil Teopuu
VHIyKTUBHBIX QyHKIMI B [9].

Janee paccmarpuBaroTcss GyHKIIMH HAa KOHEYHBIX MYJIHTHMHOXECTBAX M3 AJIEMEHTOB HEKOTOPOTO
06a3zoBoro MHOecTBa X. MHOXECTBO BCEX KOHEYHBIX MYJbTHUMHOXKECTB M3 JJEMEHTOB X
ob6o3Haunm uepe3 X . ng a € X~ gepe3 #a 0003HAYMM MOIIHOCTh MYJIBTHUMHOXecTBa a. [lon
orepanusMu 00bEIMHEHHUS, TIEPECCUCHUs, JTOTOTHCHHUS U TIp. Jajiee MOApPa3yMEBaIOTCs ONEpaluu
Ha MYJIbTUMHOXECTBaX, T.C., YUYUTHIBAIOIIHME KpaTHOCTH »dJeMeHTOB. Yepes N o0o3Haunm
MHO>KECTBO HATypaIbHBIX YHCEIN.

Aepecamnas ¢hynxkyusa 9:X —A — 310 Takasg QyHKIHA, 4TO
F:AxA—A abeX g(ach) =e(g(a),g(b)).

3ameuanue 4.1: Jlerko mokaszaTb, YTO JIsi arperaTHo (YHKIMM (J BBINOJHEHO CIIEAYIOIIEe:
reN Fe,: A"A Vay,...,a,eX” g(Aai | 1<i<r}) = e(g(ar).....g(ar)).

3ameuanne 4.2: MHOXECTBO arperatHbIX (YHKIIUA HE IYyCTO: HANMpUMeEp, TaKUMH (YHKIASIMH
SBJISIIOTCSL CyMMa BCEX YICHOB MYJbTHMHOXKECTBA M UX MUHUMYM, B 000UX ciy4asx (QyHKIHSIMHU €
TaK)Ke CIIy>KaT CyMMbl 1 MUHUMYMBI.

Jlemma 4.1 (kputepuii arperaTHOcTH). DyHKIHUsA §:X —A SABISETCS arperaTHOM TOT/Aa W TOJBKO

toraa, koraa va,beX™ vxeX g(@) =g(b) = gl@aA{x}) = g(b Ax}).

Jloka3aTenbCTBO:.
Heo6x0auMocCTb.
va,beX” rxeX g(afx}) = e(g(a).g({x})) m g(bAx}) = e(g(b).9({x})).
Ioaromy ecim g(a) = g(b), To g(aAx}) = e(g(a),9({x})) = e(g(b),9({x})) = g(b Ax}).

JlocTaTo9HOCTB.
CHauara uHayKIei mo #c nokaxem va,b,ceX™ g(a) = g(b) = g(acc) = g(bcc).

st #¢=0, yTBEpKIeHNE TPUBHUAIILHO.

Jns #c=1 K eX c¢={X}, ¥ MbI [TOJIy4aeM 3aJJaHHOE YCIIOBHE:

ra,b eX” g(a) = g(b) = g(acc) = g(afx}) = g(bAx}) = g(bcc).

[TycTh yTBepkaeHUE qOKa3aHo I #C=N-1, mokaxkem ero mjs #c=n>1.
Nmeem: va,b,ceX™ Kecg(a) =g((b) = g(acc\{x}) = gbcc\{x}) =
g(acc) = g((acex}) Ax}) = g((bee\{x}) Ax}) = g(bee).

Teneps mokaxem: vai,az,bi,b €X™ (g(ar) = g(b1) & g(az) = g(b2)) = g(aiLaz) = g(b1Lhy).
Umeem: g(az2) = g(bz) = g(arcaz) = g(aiihz) n g(ar) = g(b1) = g(arihz) = g(b1thy).
I/ITaK, g(aluaz) = g(alubz) = g(bl L/bz)

Omnpenenum  terepp € : g(X)xg(X)—>A xax e(g(a),g(b)) = g(ach). Ilockomeky 10
J0Ka3aHHOMY BBIOOp KOHKPETHBIX & M D He MMeeT 3Ha4YeHUs — BaKHBI TOJIBKO 3Ha4YeHHs ((a)
u g(b), ata pyHkums onpeneneHa KoppekTHo. 13 ee onpeieneHus cieayer, 4To g arperatHas.

JlemMa noka3zaHa.
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3ameuanue 4.3: V3 kputepus arperaTtHoCTH cienyeT, uto ¢ @ X —A sBiseTcs arperaTHo Torja u
TOJABKO Torma, korma A : AXX—>A vaeX xeX gl@afx}) = g (g(a), x). JeicTBuTenbHo,
nocrarouno onpeaenuts g (g(a), X) = e(g(a), g({x})).

Aepecamuvim pacuwupenuem dynkuun f:X"—A HasoBéM arperatnyio QyHkiuio ¢:X —B, takyio,
gro 7h : B>A vaeX™ f(a) = h(g(a)).

ArperatHoe pacmupenue ¢ : X —B bynkuuu f 1 X" —A HazoBéM munumanvnvim, eciia §(X7) =B u
vg" : X”—>C sBrstomiero arperaTHbiM paciupennem f umeer mectro A : C—>B g =ig’.

3ameuanue 4.4: ArperatHoe pacmupenue ¢ ¢yakinum f mpepcraBiser co0oi  arperaTHyio
(GYHKIHIO, IO KOTOPOH MOKHO BBIMHCINUTH (QyHKIUIO f. [Ipr 7TOM BO3MOKHBI TaKue PacHIMpEHHs,
KOTOpbIE Ha TpPaKTHKE HE IIOMOTAal0T B OSTOM, HAlpUMeEp, MOXHO B3STh B KadecTBe (
TOXJIECTBEHHYIO (yHKIMIO Ha X, a B kKauectBe h — camy ¢yHkuuto f. UToObI M30exkaTh Takoro,
UCTIONB3YeTCS MHUHHMAJIBHOE arperaTHOe paclIMpeHHe; WHTYHTHBHO, 3TO arperaTHas (QyHKITHS,
BBIYHCIIAION[as MUHUMYM HH(OpPMALUH, IO KOTOPOH eIlie MOKHO BOCCTaHOBHTH f.

VYr1Bepxkaenne 4.2 (€AMHCTBEHHOCTh MHUHHUMAIBLHOI'O arperartHoro paciuupeHus): MHUHUMAaIbHOE
arperatHoe pacmupenne GyHkmun f : X~ —A eIMHCTBEHHO ¢ TOYHOCTHIO 10 B3aHMHO OJJHO3HAYHBIX
OTOOpaKCHHH.

Jloka3aTeabCTBO!
Ecim g: X 5B u g : X" >C - MuHHManbHble arperatHbie paciimpedus ¢yHkuuu f, To
i : C—B, i : B—»C B3auMHO 0HO3HAYHBIC ¥ TaKKe, 4TO ii° U I | TOXKIECTBEHHBIE OTOOpAKEHUS

naBu C,g=igug =ig.
YTBepKaeHUE AOKA3aHO.

VrBepxkaenne 4.3 (CylIeCTBOBAHME MHHHMAIBHOIO arperatHoro pacmmpenus). v : XT—A
CYIIIECTBYeT MUHUMAJIbHOE arperaTHOE pacluIupeHue.

Joka3arenbCcTBO:
Ornpenenum oTHOIIEHUE Ha X .
s a,b eX™ onpenenum a~b < vt eX f(acc) = f(bec).
OHO peIEeKCUBHO, CHMMETPHUYHO U TPAH3UTHBHO, 3HAYUT, ABJISCTCSA SKBUBAICHTHOCTBIO.
Omno coBmecTuMmo ¢ ¢yukiueii f, T.e., ¥a,beX a~b =f(a) = f(b).

Jlnst 1106010 COBMECTHMOTO ¢ f OTHOIIEHUS SKBHBAJCHTHOCTH MOKHO OIPEACIUTH (haKTOp-
byuknuio h : X7/~—A, Takyto, uro h(z (a)) = f(a), roe 7 — mpoekius Ha GPaKTOP-MHOMKECTBO 110
ornomenuio ~. Oyukus h(z (a)) ompenenstercs kak f(a) ms moboro aer (a). ITockonbky
OTHOIIIEHHE ~ COBMecTHMO ¢ f, 3TO ompemenenue KOppekTHO — 3HaueHus f paBHBI 1S Beex
IPEICTABUTEIICH OHOTO KJIacca SKBHBAICHTHOCTH.

Kpome toro, Va,beX™ vkeX a~b =afx} ~ b Ax}.
HetictutensHo, ecau Ve eX™ f(acc) =f(bcc), Tou veeX flafx}cc) = f(b Ax}cc).

3HAYMT, /IS POSKIIUHU 77 BBIOJHEH KPUTEPHIA arperaTHOCTH:
rabeX™ vxeX (7 (a) = 7 (b) < a~h) = (afx} ~ b Ax} = 7 @Ax}) = 7 (b AXD)).

T.e., 7 : X" =X/~ y10oBIETBOPSET ONPENEICHUIO arperaTHOro pacuupenus QyHkmu f,
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Tereps  BO3bMEM  TPOW3BONIBHYIO  (QyHKIHIO ( : X —C, SBISIONIYIOCS  arperaTHbIM
pacumpenueM ¢pyHkuH f.

[To onpenenenuto pacumpenus 7 : C—>A FaeX f(a) =h'(g (a)).

Iokaxem, uto Va,beX g (a) =g (b) = a~h.

ITockonbKy g — arperatHas ¢pyHkiws, 1o ¢ (a) = g'(b) = vceX g (acc) =g (bec).

N3 f=h'g cunenyer, uro g (a) = g (b) =f(a) = f(b).

ITostomy g (@) =g (b) = vceX g (acc) =g (bec) = veeX f(acce) = f(bec) = a~h.
3uaunt, Va,beX g (@) = g (b) = a~b = 7~(a) = n~(b). Takum 06pa3oM, MOKHO OIPEACITUTH
byuxmwio i : g (X))—=X/~ Tak, uro i(g (a)) = 7~(a). OnpeneneHre KOPPEKTHO, MOCKOIBKY, KaK
TOJIBKO YTO MOKAa3aHO, 3HaYCHHUE 77~(A) HE 3aBUCHT OT BHIOOpA KOHKPETHOT'O &, €CITH COXPAHICTCS
3Hauenue g ().

Takum 00pa3oM, 7~ SBJSICTCS arperaTHbIM pacuiMpeHueM f, BBIUHCISCTCS IO JI000MY
arperatHoMy pacmupenuto f, kpome Toro, 06pasom 7~ sIBIsieTCS Bce MHOKECTBO X /~. 3HAYHT,
T~ YAOBJIETBOPSIET OMPEICICHII0 MUHUMAIILHOTO arperaTHoro paciuperus f.

VYT1BepkaeHue 10Ka3aHo.

3ameuanue 4.5: [IpuMepbl MUHUMAJIBHOTO arperaTHOro pacidpeHus (7 — MPOCKIUsS KOPTeka Ha

I-bIii KOMIOHEHT). JIeTKO MoKa3aTh, 4To:

e s (QYHKIWMH  BBIYHCICHHWS cpeaHero  apudmerndeckoro  f(ay,...,an) = (ai+...+ap)/n
MHUHHMAJIbHBIM arperaTHbIM pacimupenuem spiusercs g(ay,...,an) = (a1 +...+an, n); f = mg / m2Q;

e s  (YHKIMU  BBIUMCICHUS  cpemHero  reomerpuueckoro  f(ai,...,an) = ”\/(al-...-an)
MHHUMAbHBIM arperaTHBIM pacIIipenueM ssisercs ¢(ay,...,an) = (ai-...-an, n); f="29 \/nlg;

e s (QYHKIMMA BBIYUCICHHWS CpeaHEro KmaaparudHoro f(a,...,an) = \/((a12+...+an2)/n)
MHUHHMAIbHBIM  arperaTHsiM  paclupeHneM  sBisercs  g(ag,....an) = (ai’+...+aq.’, n);

f= \/(mg / 7l'zg)

Wrak, kaxayio ¢yakmuio f:X —A moxHo npeacrasutsh B Buae f(a) =h(g(d)) n vh,ceX
g(bcc) =e(g(b),g(c)). Paszbuenuem wmynpruMHOXKecTBa D eX™ HaspBaercs Habop bi,....br ero
MOJIMHOXECTB, 00bEMHEHNE KOTOPBIX coBmanaet ¢ b: b=b;...Cb,. Bynem rosoputs, 4ro 3amaHo
enodicennoe paszbuenue MyabTHMHOXecTBa beX™, ecnu 3amaHo ero pasouenue Dbi,...br u ms
Ka)XJI0T0 HE CHHTJICTOHHOTO (COfepIKaliero 0ojiee OHOrO 3JIeMEHTa) MyJIbTUMHOXKECTBA Dj Takke
3aJaHO BIIOKECHHOE pasduenue. Torma, eciaM 3aJaHO BIOXEHHOE pa3OHMeHHE MYJIbTHMHOKECTBA
aeX’, 1o BeuucieHue GQyakiuu f(@) MOXHO BBINOIHHTH CcleAyiommM obpasoM. CHauana
BBIYMCIISAIOTCS 3HaueHus Q(X) s Kaxmoro Xea (06e3 yuéra kpaTHocTh). Jlanee, ydHThIBas
3ameuanue 4.1, mis kaxmoro ayemeHta b=b;C...Cb, BIOXEHHOTO pa30HCHUS BBIYUCISACTCS
snauenue g(b) = er(g(by),...,g(br)). Ilpu sToM cama GyHKIHS € MOXKET BBIYHCIATHCS UTEPATHBHO C
nomoupIo pynkuuu €: s r>2 umeen er(g(ba).....g(br)) = e(er1(g(ba).....9(br-1)).9(br)). HMoene Toro,
Kak OyzeT mojaydeHo 3HaueHue g(a), BeraucisieTcs uckoMaii pesysbrar f(a) = h(g(a)).

S. Onucanue aJropuT™Ma MyJbCallM4 U OLCHKA BPEMEHH ero
padoThI

AJITOPUTM TyNbCAllMM TPETHA3HAYCH JUIS BBIYMCICHHS 3HAUCHHs 3anaHHOW ¢yHkimuu f ot
MyJIBTHMHOXKECTBA @ €X 3HA4YCHHH, 3allMCaHHBIX B BepuminHax rpada. Mel OyxeMm mpenmonarars,
9TO B K&)XKJOW BEpIIUHE | 3anucano 3HadeHue X(1) ¢ eAMHNYHON KPAaTHOCTBIO. AJITOPUTM Iy IbCAIIUH
MICTIOJIB3YET pa3MeTKy rpada, oCTaBICHHYIO ONMHCAHHBIM BBIIIEC AITOPUTMOM 00X0/a. DTa pa3MeTka
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BKITIOYAET TPSMOW W OOpaTHBIA OCTOBHI rpada: B Ka)XIOW BEPIIMHE OTMEUCHBI MPSMbIC AYTH U
(ecmu 3TO HE KOpeHb) onHa oOparHas ayra. Kpome TOoro, B KaXAoW BEpIIMHE YCTaHOBJICHO
3HAUYCHUE CUEMUUKA BXOOAWUX 0OPAMHBIX OYe.

5.1.  OnucaHue aJropuT™Ma MyJabCauuu

ANTOpUTM MyJbCAallMK UCTIONB3YET JBa TUIA coolmieHuit: Bonpoc 1 Omeem. CHayana B aBTOMat
KOpHSI NIOCTYyIAeT U3BHE coolOuienue Bonpoc, conepxkamiee ykazanue Ha Tpu QyHKuuu: h, € u g.
[Mocrne 3aBepieHus AIrOpUTMa KOPEHb TIOCHUIAET BOBHE cooleHne Omeem ¢ napametpom f(a).

Coobmenne Bonpoc pacnpocTpaHsercs OT KOpPHS KO BCEM BEpIIMHAM MO TMPSIMOMY OCTOBY.
[Tony4nB 3TO cooOIlICHHE, KOPSHb 3allOMHHAET MapaMeTpsl N, € M g ¥ HOChUIaeT COOOIICHHUE
Bonpoc 1o xaxnon BBIXOIAILEH NPAMON Iyre ¢ napaMerpamu € u (. Takyke Kaxaas HEKOpHEBas
BEpIIMHA, MOJY4YUB coollieHue Bonpoc, 3aoMUHAeT mapaMmeTpbl € U § u nepecbuiaer Bonpoc
Jlajnee Mo KakI0W BBIXOAILIEH PSIMOM Ayre.

Coobmenne Omeem pacripoCTpaHsieTCs OT BCEX BEpIIMH K KOPHIO MO OOpaTHOMY OCTOBY.
OOpaTHBIil 0CTOB 337aéT BIOKEHHOE pa30NeHNe MyJIbTUMHOKECTBA a.

JlucroBast BepiinHa i 00paTHOro OCTOBA (B 3TOM BEPIIUHE CYEMHUUK BXOOAUWUX 0OPAMHbIX 0y2 PABEH
HYJII0) TIpU TOJydeHHH cooOieHust Bonpoc Boramcnser ¢(X(i1)) ¥ moceiiaeT ero kKak mapamerp
cooOrieHust Omeem 10 0OpaTHOM JyTe.

BuyTpenHel (He JHCTOBOI) BEpIIMHE | 0OpaTHOrO OCTOBAa COOTBETCTBYET 3jeMeHT bi=bi; ... Chj
BJIOKEHHOTO pa30ueHwus, T1e -1 paBHO YMCIly BXOISIIUX B 3Ty BEPIIUHY OOpATHBIX AYT. 3ajava
3TOH BepIIMHBI — BBIYUCINUTH 3HaueHue ¢(bj), mpu stom mus j=1..r-1 3nagenue ¢(b;) Oyzmer
MOJy4YeHO IO -0l BXojsmiei obparHoi ayre, a bj = g(x(i)). IMonyuus coobmieane Bonpoc,
aBTOMAT Tako¥ BepumuHbl BeruncisieT g(X(i)) U 3alIOMUHACT €r0 KaK NnpOMENCYMOYHbLU Pe3yibman
y(i), a cuémuux éxodsiumux obpamueix 0ye KOMUPYET B cuémuux omeemos. Jlajee mpHu MoaydeHUH
coobuieHnst Omeem 10 BXomsumed oOpartHoi nyre | c mapamerpom Q(bj), wm3mensercs
npomescymounwiii pesynomam Y(i) := e(g(byj),y(i)), a cuémuux omeemos ymenpmaercs Ha 1.

Ecnu BepimHa | He KOPEeHb, TO IPU OOHYJICHUU CUEMUUKA OMEEMO8 TIO BBIXOJIAILICH 0OpaTHOI ayre
noceutaetcss coodiienne Omeem ¢ mapamerpom Y(i)=g(bj). Ecnu Bepmmaa | KOpeHb, TO TpU
OOHYJICHHH cuémuuxa omeenosé BBIYMCIACTCS OKOoHuaTenbHoe 3Hauenuwe f(@) =h(y(i)) u
MIOCBLTAETCsl BOBHE KaK MmapameTrp coolriieHust Omeem.

5.2. OueHka BpeMeHH PadoThl AJIrOPUTMA MYJIbCANNH

MBI Bcerzia MOXKeM CYHTATh, YTO COOOLICHHS TOCBUIAIOTCS U3 BEPLIMHBI B MOPSIIKE YMCHBIICHUS HX
npuopuretoB: 1) Bonpoc, 2) Omeem.

Coobmmenust Bonpoc pacnpOoCTpaHsIOTCS O TPSMOMY OCTOBY, MPHUEM Kaxa0oe COOOIICHHE
MPOXOAWT TyTh JauHOM He Oomee D. OpHoBpeMeHHO ¢ cooOmeHnusmu Bonpoc wmoryt
NEPEechUIaThCs TOJNBKO COo0OIeHus Omeem, paclpoCTpaHSIONIMEcs MO OOpaTHBIM JyraM, a
HEKOTOphIE TyTd MOTYT OBITh Kak MpSMbIMH, Tak U oOpaTtHbIMHU. [losTomMy coobmienue Bonpoc
MOXET OXHJaTh B BEpIIMHE OCBOOOKICHHS Iyrd, 3aHATOH cooOuienuneM Omeem. OnHAKO,
MOCKOJIBKY Bonpoc npuoputetnee Omeema, BpeMsi OKUJaHUs HE TIpeBbIIaeT 1 TakT. Tem caMbiM,
BpeMs paclpoCTpaHeHus BcexX coobuiennii Bonpoc ne npesbimaet 2D TakToB.
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PaccMoTpum nBmkeHHE COOOIICHU Omeem TIOCIE TOTO, KaK TEpecTaid pacipoCTPaHSIThCS BCE
coobienust Bonpoc. Kaxnoe coobienne Omeenm TBUTAcTCs 10 OOPATHBIM JyraM 0 KOPHS H, TEM
CaMBbIM, TIPOXOAUT yTh jmuHON He 6onee D. ITockonmbky cooliueHus Omeem «CyMMUDPYIOTCS» B
KaXJI0¥ BepuIuHe 1 B BUIE npomedxcymounoeo pesyrvbmama Y(i), a COOOIICHNUH IPYTUX THUIIOB HET,
BpEMsI PACIIPOCTPaHEHHsI BCeX coo0IeHnit Omeem He npesbimaet D TakToB.

Wrak, Bpemst paboThI airopuTMa mysbcanuu He mpesbimaet 3D = O(D).

0. 3aK/JII0YeHHe

AJITOPUTM MyJIbCAlliK HE TOJILKO BBIYMCISIET 3HaueHne (yHkimu (@), rae a — MyJbTHMHOMXKECTBO
3HAYEHH, 3aIIMCAHHBIX B BEpPIIUHAX rpada, HO U MEHSET COCTOSIHUE aBTOMATOB BEPINUH: B KaXKIOM
BEpIIMHE | OCTAaéTCS B KadeCTBE npomedxcymounozo pesyiomama 3Hadenue ¢(bj),rme b -
MYJIbTHMHOKECTBO 3HAYCHUM, 3alMCAHHBIX B BEPIIMHAX MAKCHMMAJILHOTO MOJJIEpeBa 0OpaTHOrO
OCTOBa C KOpHeM B BepiuuHe i. [IOHATHO, YTO aJrOPUTM MMYJIbCAMK MOKHO HCIOIB30BaTh IS
YCTAaHOBKH aBTOMATOB BEPIIUH U B KAKKE-TO IPyrUe, HAIPUMED, OJNHAKOBBIE COCTOSIHUS.

Takxke MOXXHO TIOCTaBHTh 3aJady BBIYHUCICHUS (DYHKIUM HE OT MYJIBTHMHOXECTBAa, a OT
MOCJIEIOBATEILHOCTH 3HAUYEHUMN, 3aITMCAaHHbBIX B BepiuHax rpada. J[ms aToro HyXHO 3a71aTh KaKOu-
TO JIMHEHHBIN MOPSAAOK BepIIMH. B TO ke BpeMsl y Hac yXe €CThb HyMepauus AYyT, BRIXOASAIINX U3
KaXJ0i BepmuHbl. Takas Hymepauus 3a1a€T €CTECTBEHHbIM YaCTUYHBIA MOPSANIOK BEPUIMH B BHUJIE
NpsAMOr0  OCTOBA. TakoW YacTUYHBIA TOPSJOK MOXKET UCIOJb30BaThC KAk OCHOBA
COOTBETCTBYIOIIETO JIMHEWHOTO Topsinka. Ho MOXHO MOCTaBUTH 3a/1ayy BBIYHCICHHS (DYHKIIUHU C
Y4ETOM HE JMHEWHOrO, a 3TOr0 €CTECTBEHHOro0 4acTU4YHOro mnopsaka. Ilociennee o3Hayaer, 4To
3HauYeHHE (YHKIIMH MOXKET 3aBHCETh OT MOPSAKA 3HAYCHHH B BEPIIMHAX, KOTOPHIC CPABHUMBI 110
YAaCTUYHOMY MOPSIKY, HO HE JIOJDKHO 3aBUCETh OT MOPsAKA 3HAYECHUM B BEpLIMHAX, KOTOPbIE HE
CpPaBHUMBI IO YACTUYHOMY MOPSJIKY.

OpHaKo, BO-TIEPBBIX, ONMCAHHBIA BHINIE aTOPUTM 00XO0/a CTPOUT HE 00S3aTEIbHO TOT MPSMOU
OCTOB, KOTOPBIN OINPENEIIIeTCs. HyMepauuen ayr, a, BO-BTOPBIX, AJITOPUTM IIyJIbCALUU ITPOU3BOIUT
BBIYHCIICHHS HE TI0 MPSIMOMY, a TI0 0OpaTHOMY OCTOBY. B 3TOM m cocTtouT mpobiema pa3paboTKu
QITOPUTMA BBIUMCIIEHUS (YHKIMU MPH 33JaHHOM YaCTUYHOM WM JIMHEMHOM MOpsJIKE BEpIIUH
rpada. Pemenue 31oii mpoOaeMbl MOXKET OBITh TEMON OYTYIIMX WCCICAOBAHUH.
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